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Abstract: Using the formalism of the light-cone wave function in perturbative QCD together with the
hybrid factorization, we compute the cross-section for three particle production at forward rapidities
in proton-nucleus collisions. We focus on the quark channel, in which the three produced partons —
a quark accompanied by a gluon pair, or two quarks plus one antiquark — are all generated via two
successive splittings starting with a quark that was originally collinear with the proton. The three
partons are put on-shell by their scattering off the nuclear target, described as a Lorentz-contracted
“shockwave”. The three-parton component of the quark light-cone wave function that we compute
on this occasion is also an ingredient for other interesting calculations, like the next-to-leading order
correction to the cross-section for the production of a pair of jets.
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1 Introduction
Particle production in proton-nucleus collisions at “forward rapidities” (that is, in the proton fragmen-
tation region) represents an important source of information about the small-x part of the nuclear
wave function, where gluon occupation numbers are high and non-linear effects like gluon saturation
and multiple scattering are expected to be important. Within perturbative QCD, the corresponding
cross-sections can be computed using the Color Glass Condensate (CGC) effective theory [1, 2], which
has recently been extended to next-to-leading order (NLO) accuracy (at least for the high-energy evo-
lution and for specific scattering processes), together with the so-called “hybrid factorization” [3–5].
The physical picture underlying this factorization is that the “forward” jets (or hadrons) observed in
the final state are generally produced via the fragmentation of a single collinear parton from the in-
coming proton, which carries a large fraction xp ∼ O(1) of the longitudinal momentum of the proton
and hence is typically a quark. (The gluon channel too becomes important when xp . 0.2 and this
should be kept in mind for the applications to phenomenology. For simplicity, in what follows we shall
stick to the quark channel alone. See the Conclusion section for a brief discussion of other channels.)
The collinear quark from the proton scatters off the gluon distribution in the nucleus and in the
process it can also radiate other partons — gluons and quark-antiquark pairs —, which are put on-shell
(up to the effects of hadronisation) by their collision with the target. As a result of the collision, the
partonic system also acquires a total transverse momentum of the order of the saturation momentum in
the nucleus. In the high-energy regime of interest, the effects of multiple scattering can be resummed
to all orders using the eikonal approximation. This amounts to associating a Wilson line built with
the color field of the target to each parton from the projectile. The cross-section for parton(s)–nucleus
scattering is then obtained by averaging over all the color field configurations in the target with the
CGC weight function [1, 2]. Finally, the cross-section for (multi)-hadron/jet production in proton-
nucleus collisions is obtained by convoluting the partonic cross-section with the quark distribution
function in the proton and the fragmentation functions for partons fragmenting into hadrons, or jets.
Using this approach, one has so far computed the cross-section for single inclusive hadron produc-
tion, first to leading-order (LO) accuracy [6–8] and then to NLO [9–12], and that for dijet production
only at LO [13–17]. The results thus obtained compare quite well with the phenomenology, for both
the single inclusive spectra [3, 18–27] and the dijet production [28]. Some issues which appeared in
the NLO factorization for single particle production [27, 29–32] seem to have been resolved by now
[12, 32, 33], but the associated phenomenology is still waiting for an update. At this point, one should
also mention the closely related progress with understanding the non-linear evolution in QCD at high
energy [34–41] beyond leading order [42–51], as well as with computing the structure functions for deep
inelastic scattering at NLO [52–55].
The multi-particle correlations in the simultaneous production of several hadrons, or jets, at for-
ward rapidities are particularly sensitive to the high gluon density effects in the nuclear wave function.
The example of di-hadron (or dijet) production is instructive in that sense. When produced via a
standard 2→ 2 hard process, the final particles must propagate nearly back-to-back in the transverse
plane, by momentum conservation. Accordingly, the di-hadron distribution in the relative azimuthal
angle ∆φ shows a pronounced peak at ∆φ = pi. However, if the two final particles are produced via
a 1 → 2 splitting in the background of the target gluon field — the dominant channel for di-hadron
production at forward rapidities —, then one expects a transverse momentum imbalance, due to the
momentum transferred by the target. This should lead to a smearing of the peak at ∆φ = pi in pA
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collisions as compared to pp collisions (for the same kinematical conditions). Besides, the smearing
should get stronger when increasing the rapidities of the produced particles (since one is probing larger
and larger values of the target saturation momentum) and also when increasing the ‘centrality’ (multi-
plicity) in the pA collisions. These phenomena have been first predicted by the theory [14, 28] and then
confirmed by the RHIC data for d+Au collisions [56, 57]. The agreement between the data and the
present, LO, calculation being only qualitative, it becomes urgent to promote the di-hadron calculation
to NLO. But this is an extremely complex calculation — considerably more so than for single particle
production.
The main reason for the additional complication is the fact that, in the final state, two particles
are detected instead of just one. For the purposes of the NLO calculation, one must also consider the
final states involving three partons, one of which is not measured — its kinematics is rather “integrated
over”, to yield a “real” one-loop correction to the cross-section for two particle production. Besides,
there are also “virtual” one-loop corrections, which appear already at the level of the amplitude. In this
step, we shall achieve a first step towards the full NLO dijet calculation, by computing the amplitude
and the cross-section for three parton production at leading order (tree-level) and in the quark channel.
Our new results in this paper are also interesting in themselves, as they refer to a trijet final
state that can in principle be measured in the experiments. They extends previous results in the
literature where three-particle final state were considered as well, but in somewhat simpler contexts
— namely in the framework of deep inelastic scattering at small x [58, 59], or in the case where
one of the three produced partons is a photon [60]. However, in our present analysis we shall not
attempt to explore the physical consequences of our results for the three-parton cross-section: albeit
fully explicit, they still involve complicated convolutions in transverse coordinate space, built notably
with Weiszäcker-Williams gluon emission kernels and multi-particle correlators of the Wilson lines.
Possible simplifications, notably associated with the limit of a large number of colors (Nc → ∞)
and/or with specific kinematical configurations for the produced particles, will be briefly mentioned in
the Conclusion section and more thoroughly addressed in a subsequent publication.
As already mentioned, we shall only consider the channel initiated by a large-xp quark collinear
with the proton. Then there are two possible final1 states with three partons, both produced via two
successive parton splittings: in the first state, the original quark is accompanied by two gluons (qgg), in
the second one, by a quark-antiquark pair (qqq¯). We shall use the light-cone (LC) wave function (WF)
formalism together with LC perturbation theory to describe the splittings of the incoming quark and
the CGC formalism for the scattering between the ensuing system of partons and the nuclear target.
We shall work in a frame in which the target is ultrarelativistic and hence appears to the proton as a
Lorentz-contracted shockwave. The effects of the high-energy evolution will be implicitly encoded in
the nuclear gluon distribution, as probed by the “dilute–dense” scattering via multi-point correlations
of Wilson lines.
Light-cone wave-function calculations of a similar complexity have already been presented in the
literature [11, 46, 51, 53, 54, 58–62], but what is new about the present calculation is the systematic
inclusion of all the (tree-level) Feynman graphs contributing to a final state with three colored partons,
including “initial-state” (prior to the collisions) and “final-state” (after the collision) parton branchings,
together with the appropriate contractions of Wilson lines. There are indeed many topologies, notably
due to the various time-orderings between the two parton branchings and the collision with the shock-
1By ‘final’ we mean here at partonic level, that is, the outgoing states in (leading-order) perturbation theory.
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wave, which explains why our final results for the cross-section, as summarized in Sect. 5, look rather
cumbersome.
The paper is organized as follows. In Sect. 2, we describe our general strategy for computing
particle production in proton-nucleus collisions and notably the construction of the “outgoing” state in
light-cone perturbation theory. In Sect. 3, we illustrate our method in the simple context of the dijet
production, in which the LCWF includes just one parton branching. For more generality, we consider
here both quark and gluon-initiated channels. Starting with Sect. 4, we present the calculation of the
cross-section for three parton production, for the quark channel alone. First, in Sect. 4 we discuss the
three-parton Fock space components of the quark outgoing LCWF. Then, in Sect. 5 we assembly our
results to build the various contributions to the cross-sections for the processes qA → qqq¯ + X and
qA → qgq¯ + X. Via the hybrid factorization, this immediately yields the contribution of the quark
channel to the leading-order cross-section for trijet production in pA collisions at forward rapidities.
Our conclusions and some perspectives are summarized in Sect. 6. The seven Appendices play an
important role too in the structure of this paper. The first two of them summarize our notations and
conventions for the LC perturbation theory. The two subsequent ones collect mathematical ingredients
of the calculations: the relevant matrix elements of the interaction Hamiltonian and some formulae for
the Fourier transform, respectively. Then follows two appendices devoted to intermediate calculations
that we refer to in the main text: for the leading-order (two-parton) components of the gluon LCWF
and for the three-parton components of the quark LCWF, respectively. The final Appendix contains
the definitions for all the multi-parton S-matrices built with Wilson lines which enter our final formulae
for the cross-section. We also exhibit the simplifications arising in the multicolor limit.
2 Particle production in the proton-shockwave scattering
As discussed in the introduction, we would like to compute multi-particle production in proton-nucleus
collisions at forward rapidities, that is, in the fragmentation region of the proton projectile. For this
particular kinematics, the dominant contribution comes from the process where a valence quark from
the proton, possibly accompanied by its radiation products, scatters off the gluon distribution in the
nucleus and then emerges in the final state. We shall compute this process within perturbative QCD,
so in particular we shall ignore confinement: our ‘final state’ will be built with partons (quarks and
gluons), rather than physical hadrons. (For applications to the phenomenology, our final results should
be convoluted with parton-to-hadrons fragmentation functions.) Hence, the ‘produced particles’ will
be partons from the light-cone wave function of the valence quark which are put on-shell by their
scattering off the nuclear target.
For the present purposes, the nucleus can be described in the spirit of the Color Glass Condensate,
as a random color background field whose correlations reproduce the nuclear gluon distribution. Due
to the high-energy kinematics, this background field is viewed by the projectile as a shockwave and
the scattering can be computed in the eikonal approximation: when crossing the shockwave, a parton
from the projectile does not get deflected, but merely acquires a color rotation represented by a Wilson
line (see below for details). We shall work in a Lorentz frame similar to the laboratory frame at RHIC
or the LHC: the proton is an energetic right mover, with large longitudinal momentum P+, whereas
the nucleus is an energetic left mover, so that the shockwave is localised near x+ = 0.
We shall use light-cone (LC) perturbation theory, which is the time-dependent (“old-fashioned”)
perturbation theory of quantum mechanics adapted to ultrarelativistic kinematics. The ingredients of
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the formalism, in particular, the LC Hamiltonian of QCD, are summarized in the Appendices (see also
[63] for a pedagogical introduction and more details). In this section, we shall remind some general
features of this formalism, which are useful for understanding the subsequent manipulations.
Namely, we shall explain how to build the outgoing (out) state at LC time x+ → ∞, which is
the state from which we shall compute particle production, starting with an incoming (in) state at
x+ → −∞ which represents an on-shell, bare, quark. We shall assume, as usual, that interactions
are adiabatically switched off when |x+| → ∞, so that the eigenstates of the LC Hamiltonian at
asymptotically large (negative and positive) times are the Fock states built with on-shell bare partons.
The outgoing state is obtained by dressing the bare incoming state with the QCD interactions, as
encoded in the time evolution operator
U(x+, x+0 ) = e
−iH(x+−x+0 ) = U0(x+, x+0 )UI(x
+, x+0 ) , (2.1)
and also by the scattering with the shockwave (the nucleus), whose treatment will be shortly specified.
In Eq. (2.1), H denotes the LC QCD Hamiltonian, H0 is its free (non-interacting) part, and
UI(x
+, x+0 ) = T exp
{
−i
∫ x+
x+0
dy+HI(y
+)
}
(2.2)
is the evolution operator in the interaction picture, built with the respective version of the interaction
piece of the Hamiltonian, that is (below, Hint ≡ H −H0),
HI(x
+) = U †0(x
+, x+0 )Hint U0(x
+, x+0 ) . (2.3)
In what follows we shall systematically use the interaction picture, which is well suited for the purposes
of the perturbation theory. This in particular means thatHint,HI(x+) and hence the evolution operator
are expressed in terms of Fock space creation and annihilation operators for bare quarks and gluons.
Consider now the scattering between the (dressed) quark and the nucleus. In the eikonal approx-
imation appropriate at high energy, one can assume that the shockwave representing the nucleus has
an infinitesimal extent in x+. (The corrections to this picture are suppressed by inverse powers of
the center-of-mass energy.) This in turn has two main consequences: (i) The transverse coordinates
of the partons from the projectile are not modified by the scattering; the only effect of the latter
is a color procession described by Wilson lines (see below). (ii) One can ignore parton branchings
occurring during the scattering, i.e. within the support of the shockwave: the quantum evolution of
the projectile occurs either well before, or well after, its scattering off the target2. This is tantamount
to saying that the scattering and the evolution can be factorized from each other in x+. Accordingly,
the outgoing state produced by the scattering between a quark from the projectile and the shockwave
can be computed as follows:∣∣qαλ (p+, p)〉out = UI(∞, 0) Sˆ UI(0, −∞) ∣∣qαλ (p+, p)〉 , (2.4)
where in the r.h.s. |qαλ (p+, p)〉 ≡ bα†λ (p+, p) |0〉 represents an on-shell bare quark state with 4-
momentum pµ = (p+, p−,p), with p+ > 0 and p− = p2/2p+, helicity λ = ±1/2 and color index
2The choice of a gauge is important too for this sharp separation in time: it holds in the projectile light-cone gauge,
as inherent in the LC perturbation theory, but not also in other gauges like the covariant one; see e.g. the discussion in
[22, 64].
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α = 1, 2, . . . , Nc. This state is obtained by acting with the respective Fock space creation operator
bα†λ (p
+, p) on the bare vacuum state |0〉. (Our conventions for the bare Fock space are summarized
in Appendix B.) The unitary operator UI(0, −∞) describes the QCD evolution of this state prior to
scattering (“initial state evolution”), UI(∞, 0) similarly refers to the final state evolution, and Sˆ is the
collision S-matrix in the eikonal approximation and in the interaction representation. The differential
cross-section for inclusive multi-jet production is finally computed as the average of a product of Fock
space number density operators for bare partons over the out state (see Eq. (3.28) for an example for the
case of dijet production and Eq. (5.2) for the production of three jets). This procedure is different from,
but equivalent to, the one that was most often in the recent literature and which consists in counting
the number of dressed partons “at time 0+”, i.e. immediately after the scattering [11, 13, 14, 60, 65, 66].
For what follows it is important to notice that in the absence of scattering, i.e. in the limit
Sˆ → 1, the in and out states in Eq. (2.4) coincide with each other, up to a phase. Indeed, by energy-
momentum conservation, an on-shell quark cannot decay into a set of on-shell partons; hence, the
partonic fluctuations that can develop at intermediate times via the QCD evolution are necessarily
virtual and must close back at x+ → ∞. This implies that there is no particle production in the
absence of scattering, as expected on physical grounds.
In order to describe the scattering, it is convenient to use the transverse coordinate representation,
where the S-matrix becomes diagonal. This is defined via the usual Fourier transform, e.g.
∣∣qαλ (p+, x)〉 = ∫ d2p(2pi)2 e−ix·p ∣∣qαλ (p+, p)〉 , (2.5)
and similarly for the out state. By using the perturbative expansion of the evolution operators in
Eq. (2.4), to be shortly explained, the state in the r.h.s. will be explicitly constructed as a superposition
of bare Fock states including several partons (up to 3 in the approximations of interest). Via the Fourier
transform (2.5), each of the partons in this dressed state will have a well defined transverse coordinate
at the time scattering. The effect of the scattering on any such a bare parton is a multiplication by a
Wilson line, in the appropriate representation of the color group:
Sˆ
∣∣qαλ (p+, x)〉 = Vβα(x) ∣∣∣qβλ(p+, x)〉 , Sˆ ∣∣q¯αλ (p+, x)〉 = V †αβ(x) ∣∣∣q¯βλ(p+, x)〉 , (2.6)
Sˆ
∣∣gai (p+, x)〉 = Uba(x) ∣∣∣gbi (p+, x)〉 , (2.7)
where |q〉, |q¯〉, |g〉 denote bare quark, antiquark, and gluon states respectively, and Uba(x) and Vβα(x)
are matrix elements of Wilson lines in the adjoint and respectively fundamental representation:
U(x) = T exp
{
ig
∫
dx+ T aA−a (x
+, x)
}
, V (x) = T exp
{
ig
∫
dx+ taA−a (x
+, x)
}
. (2.8)
These Wilson lines involve the “minus” component A−a of the color field representing the (small-x)
gluons in the target. As anticipated, this field is random and must be averaged out at the level of the
cross-section, in order to reconstruct the correlations in the gluon distribution of the target.
As mentioned in the Introduction, in this paper we shall compute the leading-order cross-section
for producing three partons in the final state. One of these three partons is the original valence quark
and the other two (two gluons or a quark-antiquark pair) are produced via two successive parton
branchings and are put on-shell by the scattering with the shockwave. In preparation for this and
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for the sake of the presentation, we shall first compute the production of a pair of partons, by either
an incoming (bare) quark, or a bare gluon. To construct all the relevant Fock space configurations,
one needs the perturbative expansion of the evolution operators in Eq. (2.4) up to second order. In
this expansion, one can discard second-order contributions which represent one-loop corrections to the
production of a single quark, as they do not contribute to the final states of interest.
Our subsequent developments in this section will be rather schematic: they will be transformed
into more explicit formulae in the subsequent sections and also in the Appendices. In particular,
we shall use generic notations like |i〉, |j〉, |f〉 ... for the energy-momentum eigenstates of the free
QCD Hamiltonian H0, i.e. the Fock states built with bare partons. These states are assumed to be
normalized and to form a complete set obeying∑
j
|j〉〈j| = 1, 〈j|HI(x+)|i〉 = ei(Ej−Ei)x+〈j|Hint|i〉 , (2.9)
where Ej is the LC energy of the bare state |j〉, i.e. the sum of the LC energies of the bare partons
composing that state (an eigenvalue of H0).
To the order of interest, the perturbative expansions of UI(∞, 0) and UI(0,−∞) read as follows
UI(0,−∞) = 1− i
∫ 0
−∞
dx+HI(x
+)−
∫ 0
−∞
dy+
∫ y+
−∞
dx+HI(y
+)HI(x
+) + · · · , (2.10)
and respectively
UI(∞, 0) = 1− i
∫ ∞
0
dx+HI(x
+)−
∫ ∞
0
dx+
∫ ∞
x+
dy+HI(y
+)HI(x
+) + · · · . (2.11)
Using these equations, it is easy to deduce the (formal) action of these evolution operators on some
generic state |i〉. One finds3
UI(0,−∞) |i〉 = |i〉 −
∑
f
〈f |Hint|i〉
Ef − Ei |f〉+
∑
f,j
〈f |Hint|j〉 〈j|Hint|i〉
(Ef − Ei)(Ej − Ei) |f〉+ · · ·
UI(∞, 0) |i〉 = |i〉+
∑
f
〈f |Hint|i〉
Ef − Ei |f〉+
∑
f,j
〈f |Hint|j〉 〈j|Hint|i〉
(Ef − Ej)(Ef − Ei) |f〉+ · · · . (2.12)
The energy denominators in these expressions have been generated by integrating over the interaction
times (the time arguments of the interaction Hamiltonian). Note an important difference between
the initial state evolution (as generated by UI(0,−∞)) and, respectively, the final state evolution
(described by UI(∞, 0)), which becomes manifest starting with the second order: for the initial state
evolution, the energy denominators involve the difference between the energy of the intermediate state
under consideration and that (Ei) of the initial state; on the contrary, for the final state evolution, the
energy of the intermediate state is mesured w.r.t. to that of the final state (Ef ).
Here, however, we are more interested in the scattering state (2.4). To second order, one can write
(using generic notations, once again)
|out〉 = UI(∞, 0) Sˆ UI(0, −∞) |in〉 = |in〉 + |out〉(1) + |out〉(2) + · · · , (2.13)
3When performing the time integrations, it is convenient to insert a convergency factor e−|x
+|, with  infinitesimal
and positive. But for the present purposes, we can safely take the limit → 0, since the various states that we shall be
interested in are not degenerate with each other.
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where |out〉(1) denotes the first-order correction, that takes the following form (with 〈f |S|j〉 denoting
the matrix element of Sˆ between the respective bare Fock states)
|out〉(1) = −
∑
f,j,i
|f〉〈f |S|j〉〈j|Hint|in〉
Ej − Ein +
∑
f,j,i
|f〉 〈f |Hint|j〉
Ef − Ej 〈j|S|in〉 , (2.14)
whereas |out〉(2) is the second-order correction and involves 3 pieces:
|out〉(2) =
∑
f,j,i
|f〉〈f |S|j〉 〈j|Hint|i〉 〈i|Hint|in〉
(Ej − Ein)(Ei − Ein) +
∑
f,j,i
|f〉 〈f |Hint|j〉 〈j|Hint|i〉
(Ef − Ej)(Ef − Ei) 〈i|S|in〉
−
∑
f,j,i
|f〉 〈f |Hint|j〉
Ef − Ej 〈j|S|i〉
〈i|Hint|in〉
Ei − Ein . (2.15)
Clearly, the action of Hint upon a Fock state built with bare partons is to generate one additional
parton splitting. Within the first-order correction |out〉(1), this splitting can occur either prior to the
scattering off the shockwave (the first term in the r.h.s. of Eq. (2.14)), or after that scattering (the
second term in Eq. (2.14)). Similarly, the second order correction |out〉(2) involves two additional
splittings, which can both occur prior to the scattering, or both after the scattering, or one before and
the other one after (corresponding to the 3 terms in the r.h.s. of Eq. (2.15)). As a matter of facts, the
QCD interaction Hamiltonian in the light-cone gauge Hint also contains some pieces of order g2 which
formally describe two successive parton branchings connected by the instantaneous piece of either the
gluon, or the quark, propagator. (These pieces are generated when using the operator equations of
motion to eliminate the constrained components of the field in terms of the dynamical ones [63].)
Precisely because they occur simultaneously, these two branchings must occur on the same side of the
shockwave — that is, either before, or after the collision. This discussion also shows that the 1st order
correction |out〉(1), which is linear Hint, involves not only contributions of order g, but also of order g2.
At this level, one can explicitly check that the 1st order and 2nd order corrections to the outgoing
state indeed cancel in the absence of scattering, i.e. when 〈f |S|j〉 = δfj . For the 1st order piece (2.14)
this is quite obvious. For the 2nd order piece, one can write
|out〉(2)
∣∣∣
S=1
=
∑
f,j,i
|f〉 〈f |Hint|j〉 〈j|Hint|in〉 (2.16)
×
{
1
(Ef − Ein)(Ej − Ein) +
1
(Ef − Ej)(Ef − Ein) −
1
(Ef − Ej)(Ej − Ein)
}
,
where the sum of the energy denominators inside the braces is indeed equal to zero. Notice that, even
in the absence of scattering (Sˆ = 1), the 3 second-order contributions are still different from each other
(they involve different energy denominators), it is only their sum which vanishes.
3 The cross-section for forward dijets
As a warm up, and also with the purpose of introducing some notations and explaining our general
method, we shall first compute the cross-section for dijet production in the scattering between either a
quark, or a gluon, and the shockwave. The main ingredient in that sense will be the two-parton Fock
space component in the light-cone wave-function (LCWF) of the incoming parton (quark or gluon).
This represents the leading-order (LO) perturbative correction to the respective bare state, so for
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brevity we shall refer to it as “the LO quark (or gluon) wave-function”. With reference to the outgoing
state, this is the same as the first-order correction |out〉(1) defined in Eq. (2.14) except for the fact that
one keeps only the pieces of O(g) in the interaction Hamiltonian.
3.1 Quark production: transverse momentum broadening
To start with, we shall consider an even simpler process, with the purpose of checking the normaliza-
tion of our general formula for the cross-section for particle production. Namely, we shall study the
transverse momentum broadening of a quark which scatters off the shockwave. This broadening is
introduced by the multiple scattering between the quark and the gluons in the nuclear wave function
and is therefore of the order of the nuclear saturation momentum Qs(xg), with xg the longitudinal
momentum fraction of the gluon from the target involved in the collision.
To LO in pQCD, we can neglect the evolution of the quark LCWF via radiation, hence the
outgoing state differs from the incoming one (a bare quark with definite momentum) merely via the
color precession introduced by the collision (cf. Eqs. (2.5) and (2.6)):
∣∣qαλ (q+, q)〉out = Sˆ ∣∣qαλ (q+, q)〉 = ∫ d2x eix·q Vβα(x) ∣∣qβλ(p+, x)〉. (3.1)
Using this result, we now compute the cross-section for the inclusive quark production at forward
rapidities and to LO. As we shall shortly check, this is correctly given (including normalization) by
the following formula
dσqA→q+XLO
dp+d2p
(2pi)δ(p+ − q+) ≡ 1
2Nc
out
〈
qαλ (q
+, q)
∣∣ Nˆq(p+, p) ∣∣qαλ (q+, q)〉out , (3.2)
with Nˆq(p+, p) the bare quark number density operator, which with our present conventions reads
Nˆq(p+, p) ≡ 1
(2pi)3
bα†λ (p
+, p) bαλ(p
+, p) =
1
(2pi)3
∫
x,x
eip·(x−x) bα†λ (p
+,x) bαλ(p
+, x). (3.3)
The factor 1/(2Nc) in the r.h.s. of Eq. (3.2) accounts for the average over the color and helicity states
of the initial quark. When no confusion is possible, we shall also use the simplified notation p ≡ (p+,p)
for the three-momentum vector. The normalization in Eq. (3.3) is such that, when evaluating the total
number of bare quarks, nˆq ≡
∫
d3p Nˆq(p) for a properly normalized wavepacket representing a single
bare quark, one finds indeed an average value 〈nˆq〉 = 1; see the discussion in App. B, around Eq. (B.18).
Using the definition of the bare state and the commutation relations for the Fock space operators
shown in Appendix B, it is easy to deduce
dσqA→q+XLO
dp+d2p
= δ(p+ − q+) 1
(2pi)2
∫
d2xd2y ei(x−y)·p
1
Nc
〈
tr
(
V †(y)V (x)
)〉
, (3.4)
where the trace of the Wilson lines has been generated by the sum/average over the color indices in
the final/initial state and the brackets encompassing the trace denote the average over the color fields
in the target. This average, to be understood in the sense of the CGC effective theory [1, 2], generates
all the target multi-gluon correlations that are probed by the projectile quark via multiple scattering.
As anticipated, Eq. (3.4) is indeed the correct result, as well known in the literature. Its normal-
ization can also be checked on physical grounds: if one integrates the cross-section (3.4) over p+ and
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Figure 1. Left: One “real” gluon emission with 3-momentum (k+,k) = (ϑq+, ϑq + k˜) from an initial quark
with 3-momentum (q+, q). We are using a non-eikonal vertex, in which the recoil of the quark will not be
neglected. Right: One “virtual” gluon emission contributing to the normalization of the WF.
p, one must find the total surface of the target (since the probability for the quark to emerge with any
value of the transverse momentum is one). And indeed, the integral over p yields (2pi)2δ(2)(x− y), so
the two Wilson lines multiply to unity and one is left with∫
dp+d2p
dσqA→q+XLO
d3p
=
∫
d2x, (3.5)
where the integral in the r.h.s. covers the surface of the target.
3.2 The outgoing states for dijet production
The quark-gluon component of the quark LCWF is illustrated in Fig. 1.a, which also shows our no-
tations for the kinematics; such a process, where the gluon fluctuation is emitted in the final state, is
conventionally referred to as “real”. By contrast, the gluon loop shown in Fig. 1.b, which contributes
to the normalization of the LO LCWF, is referred to as “virtual”. As it should be clear by inspection of
these graphs, the coefficient of the quark-gluon component is a quantity of O(g), whereas the normal-
ization of the bare quark component (describing the reduction in the probability for the bare quark to
exist) is an effect of O(g2).
Before we construct the full outgoing state (including the effects of the scattering), let us first
consider the quark state at the time of scattering, as obtained by acting with UI(0, −∞) on the bare
(in) quark state. To LO in perturbative QCD, this reads∣∣qαλ (q+, q)〉LO ≡ UI(0, −∞)|LO ∣∣qαλ (q+, q)〉 = ZLO |qαλ (q)〉 + |qαλ (q)〉qg , (3.6)
with:
|qαλ (q)〉qg ≡ −
∫ ∞
0
ds+
2pi
dk+
2pi
∫
d2s
(2pi)2
d2k
(2pi)2
∣∣∣qβλ1(s) gai (k)〉
〈
qβλ1(s) g
a
i (k) |Hq→qg| qαλ (q)
〉
∆(q; s, k)
, (3.7)
where it is understood that the repeated discrete indices i, a (for the gluon) and λ1, β (for the quark)
must be summed over. The 3-momentum of the incoming quark has been denoted as q = (q+, q),
whereas s ≡ (s+, s) and k ≡ (k+,k) similarly refer to the final quark and gluon. The constraint
of momentum conservation is implicitly included in the transition matrix element of the interaction
Hamiltonian. α, β are color indices for the quark, i.e. for the fundamental representation of SU(Nc),
and a, b similarly refer to the gluon (adjoint representation). Finally, λ, λ1 represent quark helicity
states, whereas i = 1, 2 denotes the transverse polarisation of the on-shell gluon.
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The first term in the r.h.s of Eq. (3.6) is the modified bare quark state. The normalization
coefficient ZLO is in general complex and its modulus — as determined by the condition that the
full wave function be normalized to unity4 (see Eq. (3.9) below) — measures the bare quark survival
probability to the order of interest. Alternatively, this coefficient can be computed by evaluating the
one-loop graph in Fig. 1.b. The second term in the r.h.s. of Eq. (3.6) corresponds to the “real” graph
in Fig. 1.a and describes a bare quark-gluon pair.
All the bare parton states are obtained by acting with the respective creation operators on the
bare vacuum (see Appendix B for a summary of our conventions). Furthermore, the matrix elements
of the interaction piece of the LC Hamiltonian are listed in Appendix C, see notably Eqs. (C.1) and
(C.6) for the piece describing the quark splitting into a quark-gluon pair. Besides the relevant matrix
element, Eq. (3.7) also involves the following energy denominator — the difference between the on-shell
LC energies of the final quark-gluon state and the initial quark state:
∆(q; s, k) ≡ E(s, k) − E(q) = k
2
2k+
+
s2
2s+
− q
2
2q+
. (3.8)
The condition that the LO WF be normalized to unity implies
‖ZLO‖ = 1 −
∫ ∞
0
ds+
2pi
dk+
2pi
∫
d2s
(2pi)2
d2k
(2pi)2
∣∣∣〈qβλ1(s) gai (k) |Hq→qg| qαλ (q)〉∣∣∣2
2 [∆(q; s, k)]2
. (3.9)
To proceed with the calculation of (3.6), it is convenient to introduce new variables according to
ϑ ≡ k
+
q+
, k˜ ≡ k − ϑq. (3.10)
ϑ is the longitudinal momentum fraction of the gluon while k˜ is proportional to the relative transverse
velocity of the emitted gluon with respect to the parent quark. The matrix element which appears in
(3.7) is given in (C.13). By using the Pauli matrix identity σiσj = iεijσ3 + δijI we deduce
2ki
k+
− σ · (q − k)
q+ − k+ σ
i − σiσ · q
q+
=
(2− ϑ)δij − iϑεijσ3
ϑ(1− ϑ)q+ k˜
j , (3.11)
which helps us to simplify the matrix element (C.20) as follows:
〈
qβλ1(s
+, s) gai (ϑq
+, ϑq + k˜) |Hq→qg| qαλ (q+, q)
〉
=
gtaβαφ
ij
λ1λ
(ϑ) k˜j
(1− ϑ)(2ϑq+)3/2 (2pi)
3δ(3)(k + s− q). (3.12)
with (the 2-dimensional spinors χλ are defined in (B.6)):
φijλ1λ(ϑ) ≡ χ
†
λ1
[
(2− ϑ)δij − iϑεijσ3]χλ = δλλ1 [(2− ϑ)δij − 2iϑεijλ] . (3.13)
In terms of these new variables (3.10), the energy denominator takes a simple form:
∆(q; k, q − k) = k
2
2k+
+
(q − k)2
2(q+ − k+) −
q2
2q+
=
(k − ϑq)2
2ϑ(1− ϑ)q+ =
k˜2
2ϑ(1− ϑ)q+ , (3.14)
4More precisely, this normalization strictly holds only for a physical wavepacket built as a linear superposition of
“plane waves” (momentum eigenstates); see Eq. (B.18) and the subsequent discussion.
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After inserting (3.12) and (3.14) into expression (3.7), one finds∣∣qαλ (q+, q)〉qg
= −
∫ 1
0
dϑ
∫
d2k˜
gtaβαφ
ij
λ1λ
(ϑ)
√
q+ k˜j
8
√
2ϑpi3k˜2
∣∣∣qβλ1((1− ϑ)q+, (1− ϑ)q − k˜) gai (ϑq+, ϑq + k˜)〉 . (3.15)
To compute the scattering with the shockwave, we will need the Fourier transform of this wave-function
to the transverse coordinate representation, as introduced in Eq. (2.5); specifically,
∣∣qαλ (q+, w)〉qg ≡ ∫ d2q(2pi)2 e−iw·q ∣∣qαλ (q+, q)〉qg . (3.16)
Then, with the aid of (D.2) and (D.3), we arrive at∣∣qαλ (q+, w)〉qg (3.17)
=
∫
x,z
∫ 1
0
dϑ
igtaβαφ
ij
λ1λ
(ϑ)
√
q+Xj
4
√
2ϑpi2X2
δ(2)(w − (1− ϑ)x− ϑz)
∣∣∣qβλ1((1− ϑ)q+, x) gai (ϑq+, z)〉 ,
with the shorthand notations
∫
z ≡
∫
d2z and X ≡ x − z. The transverse coordinate w = (1 −
ϑ)x+ϑz is the center of mass of the quark-gluon pair. The bare quark-gluon component in the mixed
representation is defined similarly to Eq. (3.16) and is explicitly shown in Eq. (B.17).
At this level, it is straightforward to add the effect of the scattering (in coordinate space, this
amounts to multiplication by Wilson lines, cf. Eqs. (2.7)–(2.6)) and those of the final evolution (com-
puted to leading order, once again). In displaying the outgoing state in what follows, we shall omit
its bare quark component, since this does not contribute to dijet (here, quark-gluon) production. In
suggestive but schematic notations to be often used in what follows, the quark-gluon component of the
outgoing quark state reads
|qαλ 〉outqg =
∣∣∣qγλ2 gbj〉
−〈qγλ2 gbj∣∣∣ Sˆ ∣∣∣qβλ1 gai 〉
〈
qβλ1 g
a
i |Hq→qg| qαλ
〉
Eqg − Eq +
〈
qγλ2 g
b
j
∣∣∣Hq→qg ∣∣∣qβλ1〉
Eqg − Eq
〈
qβλ1
∣∣∣Sˆ∣∣∣ qαλ〉
 ,
(3.18)
where the intermediate states are implicitly summed over. The first term inside the brackets corre-
sponds to the initial-state evolution (gluon emission before the scattering), as explicitly computed in
Eq. (3.15) or (3.17). The second term describes the final-state evolution (gluon emission after the scat-
tering). The transverse coordinates or momenta are not explicitly shown in Eq. (3.18), which formally
holds in any representation. But, clearly, the effects of the scattering are easiest to compute in the
transverse coordinate representation, where the matrix elements of Sˆ are diagonal. One finally obtains
(we recall that X ≡ x− z):
∣∣qαλ (q+, w)〉outqg = −∫
x,z
∫ 1
0
dϑ
igφijλ1λ(ϑ)
√
q+Xj
4
√
2ϑpi2X2
δ(2)(w − (1− ϑ)x− ϑz)
×
[
V γβ(x)U ba(z) taβα − tbγβ V βα(w)
] ∣∣∣qγλ1((1− ϑ)q+, x) gbi (ϑq+, z)〉 .
(3.19)
The two terms inside the square bracket refer to the situation when the scattering with the shockwave
occurs before and respectively after the emission of the gluon (see Fig. 2).
– 12 –
Figure 2. The quark-gluon component of the outgoing wave-function for an incoming quark. There are two
ways to insert the shockwave, before and after the gluons emission, represented in Fig. a and b, respectively.
The transverse position of the quark is deflected by the emission of the gluon, from w to x = w−ϑz1−ϑ .
Notice an important difference w.r.t. to the LO WF in the absence of scattering, cf. Eq. (3.15):
in the latter, the total transverse momentum of the quark-gluon pair is equal to that of the original
quark; in particular, when q = 0, the final quark and gluon propagate back-to-back in the transverse
plane. By contrast, in Eq. (3.19) there is generally an imbalance in transverse momentum between the
produced quark-gluon pair and the original quark. This imbalance (which would become apparent when
constructing the Fourier transform of Eq. (3.19) back to the transverse momentum space) represents
the momentum transferred by the target via multiple scattering, similarly to the transverse momentum
broadening studied in Sect. 3.1.
Following the same logic and using the matrix elements of the LC Hamiltonian listed in Appendix
C, it is straightforward to construct the LO LCWF for an incoming gluon: starting with its general
definition, that is,∣∣gai (q+, q)〉out ≡ U(∞, 0) Sˆ U(0, −∞) ∣∣gai (q+, q)〉 , (3.20)
and expanding the two evolution operators to linear order in the interaction Hamiltonian, one finds
that the outgoing state may involve two different two-parton Fock space components: gluon-gluon and
quark-antiquark (see Figs. 3 and 4 for illustrations). Similarly to Eq. (3.18), one can write
|gai 〉outqq =
∣∣∣qδλ2 qγλ1〉
−〈qδλ2 qγλ1 ∣∣∣Sˆ∣∣∣ qαλ4 qβλ3〉
〈
qαλ4 q
β
λ3
|Hg→qq| gai
〉
Egg − Eg +
〈
qδλ2 q
γ
λ1
|Hg→qq| gbj
〉
Egg − Eg
〈
gbj
∣∣∣Sˆ∣∣∣ gai 〉
 ,
(3.21)
for the quark-antiquark component of the outgoing state and
|gai 〉outgg =
1
2
∣∣gcl gej〉
−〈gcl gej ∣∣∣Sˆ∣∣∣ gbm gdn〉
〈
gbm g
d
n |Hg→gg| gai
〉
Egg − Eg +
〈
gcl g
e
j |Hg→gg| gbk
〉
Egg − Eg
〈
gbk
∣∣∣Sˆ∣∣∣ gai 〉
 ,
(3.22)
for the two-gluon component.
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Figure 3. The quark-antiquark contributions to the gluon outgoing state.
Figure 4. The two-gluon contributions to the gluon outgoing state.
Once again, more explicit expressions can be deduced by working in the transverse coordinate
space. Some of the intermediate manipulations are presented in Appendix E; one eventually finds
(with the notation Z ≡ z − z′)
∣∣gai (q+, w)〉outqq¯ = ∫
z,z′
∫ 1
0
dϑ
igtaαβϕ
ij
λ2λ1
(ϑ)
√
q+Zj
4
√
2pi2Z2
δ(2)(w − (1− ϑ)z′ − ϑz)
×
[
V γβ(z′) taβα V
†αδ(z) − tbγδ U ba(w)
] ∣∣∣q¯δλ2((1− ϑ)q+, z′) qγλ1(ϑq+, z)〉 ,
(3.23)
and respectively
∣∣gai (q+, w)〉outgg = ∫
z,z′
∫ 1
0
dϑ
igfabc
√
ϑ(1− ϑ)q+
4
√
2pi2Z2
(
Ziδjl − 1
1− ϑZ
jδil − 1
ϑ
Z lδij
)
× δ(2)(w − (1− ϑ)z′ − ϑz)
[
U ed(z′)U cb(z) fabd − f bce U ba(w)
] ∣∣gel ((1− ϑ)q+, z′) gcj(ϑq+, z)〉 .
(3.24)
3.3 The cross-sections for forward dijets
Using the above results, we shall now compute the LO cross section for producing a quark-gluon pair
at forward rapidities in a quark-nucleus scattering. The number density operator for (bare) quarks has
already been introduced in Eq. (3.3). The corresponding operators for antiquarks and gluons read (we
recall the simplified notation p ≡ (p+,p))
Nˆq(p) ≡ 1
(2pi)3
dα†λ (p) d
α
λ(p) =
1
(2pi)3
∫
x,x
eip·(x−x) dα†λ (p
+,x) dαλ(p
+, x), (3.25)
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Figure 5. One of the contributions (the one proportional to Sqq¯g (w, x, z)) to the quark-gluon production
cross section in Eq. (3.31). There are four such contributions, in which the shockwave can be located either
before or after the gluon emission, in both the direct amplitude and the complex conjugate amplitude. The
dashed line represents the final state at x+ →∞.
Nˆg(k) ≡ 1
(2pi)3
aa†i (k) a
a
i (k) =
1
(2pi)3
∫
z,z
eik·(z−z) aa†i (k
+, z) aai (k
+, z). (3.26)
If there are several quark flavors, then the sum over flavors is implicitly understood in Eqs. (3.3) and
(3.25). The mixed-space representations shown in the r.h.s. of the above equations will be useful
when evaluating the action of the Fock-space operators on the outgoing states (which are themselves
computed in such a mixed representation; see e.g. Eq. (3.19)).
3.3.1 The qA→ qg +X channel
The inclusive cross section for forward quark-gluon production in the scattering between a bare quark
and the nucleus can be computed as the average of the respective product of number density operators
over the momentum-space outgoing state, as obtained via inverse Fourier transform from Eq. (3.19) :
∣∣qαλ (q+, q)〉outqg = ∫
w
eiw·q
∣∣qαλ (q+, w)〉outqg . (3.27)
Specifically, with our present conventions one can write (compare to Eq. (3.2))
dσqA→qg+XLO
d3k d3p
(2pi)δ(k+ + p+ − q+) ≡ 1
2Nc
out
qg
〈
qαλ (q
+, q)
∣∣ Nˆq(p) Nˆg(k) ∣∣qαλ (q+, q)〉outqg . (3.28)
After inserting the outgoing state given by Eqs. (3.27) and (3.19), together with the expressions
for the quark and gluon number density operators in the mixed representation, we are led to the matrix
element evaluated in (C.22). Using the identity εilεjk = δijδkl − δikδjl, one can perform the sums over
the quark helicities and the gluon polarizations:
φij†λ1λ(ϑ)φ
ik
λ1λ(ϑ) = χ
†
λ
(
(2− ϑ)δij + iϑεijσ3) I ((2− ϑ)δik − iϑεikσ3)χλ
= 4δjk
(
1 + (1− ϑ)2) . (3.29)
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After also performing the integration over w in Eq. (3.27) with the help of the δ-function in Eq. (3.19),
we obtain
dσqA→qg+XLO
d3k d3p
=
2αs
(
1 + (1− ϑ)2)
(2pi)6ϑNcq+
∫
x,x,z,z
X ·X
X2X
2 e
−i(p−(1−ϑ)q)·(x−x)−i(k−ϑq)·(z−z¯)
×
[
tcαδ U
†cb(z)V †δγ(x) − V αδ†(w) tbδγ
] [
V γβ(x)U ba(z) taβα − tbγβ V βα(w)
]
× δ(q+ − k+ − p+),
(3.30)
with X ≡ x− z, X ≡ x− z, w = (1− ϑ)x+ ϑz and w = (1− ϑ)x+ ϑz.
Without loss of generality, we can set q = 0 (this amounts to choosing the longitudinal axis parallel
with the direction of the momentum of the initial quark). After some simple color algebra, one recovers
the expected result for the forward quark-gluon production cross section, originally presented in [14]:
dσqA→qg+XLO
dk+ d2k dp+ d2p
=
2αsCF
(
1 + (1− ϑ)2)
(2pi)6ϑq+
δ(q+ − k+ − p+)
×
∫
x,x,z,z
X ·X
X2X
2 e
−ip·(x−x)−ik·(z−z¯)
× [Sqgqg (x, z, x, z) − Sqqg (w, x, z) − Sqqg (x, w, z) + S (w, w)] ,
(3.31)
with CF ≡ tata = N
2
c−1
2Nc
. Above, we have introduced the following S-matrices describing the forward
scattering of colorless systems made with up to four partons: a quark-antiquark dipole,
S (w, w) ≡ 1
Nc
〈
tr
(
V †(w)V (w)
)〉
, (3.32)
a quark-antiquark-gluon triplet (this is illustrated in Fig. 5),
Sqqg (w, x, z) ≡ 1
CFNc
〈
tr
(
V †(w) tb V (x) ta
)
U ba(z)
〉
=
1
2CFNc
(
N2c S(w, z)S(z, x) − S(w, x)
) ' S(w, z)S(z, x) , (3.33)
and finally a quark-antiquark pair accompanied by two gluons:
Sqgqg (x, z, x, z) ≡ 1
CFNc
〈
tr
(
V †(x)V (x) ta tc
) [
U †(z)U(z)
]ca〉
=
1
2CFNc
(
N2c Q(x, x, z, z)S(z, z) − S(x, x)
) ' Q(x, x, z, z)S(z, z) . (3.34)
These expressions also involve the Wilson line in the adjoint representation of the color group, related
to that in the fundamental representation via
Uab(z) = 2 tr
(
ta V (z) tb V †(z)
)
. (3.35)
The second equalities in the r.h.s. of Eqs. (3.34) and (3.33) are obtained after using Eq. (3.35) together
with Fiertz identities. They show that all the S-matrices of interest for the process at hand can
be computed in terms of two basic gauge-invariant correlators, S and Q, which refer to (colorless)
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projectiles made with quarks and antiquarks alone: the dipole already introduced in Eq. (3.32) and
the quadrupole,
Q (x, x, z, z) ≡ 1
Nc
〈
tr
(
V †(x)V (x)V †(z)V (z)
)〉
. (3.36)
Techniques for computing these basic correlators under various approximations — in particular, the
corresponding B-JIMWLK equations for their high-energy evolution — are discussed at length in the
literature and will be briefly referred to in the concluding section. The final, approximate equalities in
Eqs. (3.34) and (3.33) hold in the multi-color limit Nc →∞, which allows for important simplifications
(see the discussion in Sect. 6).
3.3.2 The gA→ qq¯ +X channel
The relation between the outgoing state (3.23) and the qq¯ inclusive cross section is given by the
following formula (we take q = 0)
dσgA→qq¯+XLO
d3k d3p
(2pi)δ(k+ + p+ − q+) = 1
2(N2c − 1)
out
〈
gai (q
+, q = 0)
∣∣ Nˆq(p) Nˆq¯(k) ∣∣gai (q+, q = 0)〉 out
=
1
2(N2c − 1)
∫
w,w
out
qq¯
〈
gai (q
+, w)
∣∣ Nˆq(p) Nˆq¯(k) ∣∣gai (q+, w)〉outqq¯ .
(3.37)
The factor 1/2(N2c − 1) accounts for the average over the colors and polarizations of the initial gluon.
After using (3.23) together with the matrix element (C.23), one finds
dσgA→qq¯+XLO
dk+ d2k dp+ d2p
=
αs
(
1 + (1− 2ϑ)2)
2(2pi)6q+
δ(q+ − k+ − p+)
×
∫
z,z′,z,z′
Z ·Z
Z2Z
2 e
−ip·(z′−z′)−ik·(z−z)
×
[
Sqqqq
(
z, z′, z, z′
) − Sqqg (z, z′, w)− Sqqg (z′, z, w) + S˜ (w, w)] ,
(3.38)
where Z = z′ − z, Z = z′ − z, and we have introduced the new S-matrices
Sqq¯qq¯
(
z, z′, z, z′
) ≡ 1
CF Nc
〈
tr
(
V (z¯) ta V †(z¯′)V (z′) ta V †(z)
)〉
=
1
2CFNc
(
N2c S(z, z)S(z′, z′) − Q(z, z, z′, z′)
) ' S(z, z)S(z′, z′), (3.39)
for a colorless system made with 2 quarks and 2 antiquarks and respectively
S˜ (w, w) ≡ 1
2CFNc
〈
Tr
(
U †(w)U(w)
)〉
=
1
2CFNc
(
N2c S (w, w) S (w, w)− 1
) ' S (w, w) S (w, w) (3.40)
for a gluon-gluon dipole. (We recall that Sqqg was already defined in Eq. (3.33).) As before, the final,
approximate, equalities hold in the large Nc limit. One of the processes contributing to the cross-
section (3.38) — actually, the third piece inside the square brackets, which is an interference term —
is pictorially represented in Fig. 6.a.
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Figure 6. One of the four contributions to the cross section for the case of (a) gA→ qq¯+X, (b) gA→ gg+X.
3.3.3 The gA→ gg +X channel
The cross-section for inclusive two gluons production is similarly computed as
dσgA→gg+XLO
d3k d3p
(2pi)δ(k+ + p+ − q+) = 1
2(N2c − 1)
∫
w,w
out
gg
〈
gai (q
+, w)
∣∣ Nˆg(p) Nˆg(k) ∣∣gai (q+, w)〉outgg .
(3.41)
After using Eq. (3.24) together with the matrix element (C.24), one finds
dσgA→gg+XLO
dk+ d2k dp+ d2p
=
4αs
(2pi)6q+
(
ϑ(1− ϑ) + ϑ
(1− ϑ) +
1− ϑ
ϑ
)
δ(q+ − k+ − p+)
×
∫
z,z′,z,z′
Z ·Z
Z2Z
2
(
e−ip·(z
′−z′)−ik·(z−z) + e−ik·(z
′−z′)−ip·(z−z)
)
×
[
Sgggg
(
z, z′, z, z′
) − Sggg (w, z, z′) − Sggg (w, z′, z) + S˜ (w, w)] ,
(3.42)
where the new S-matrices (exclusively built with adjoint Wilson lines) are
Sgggg
(
z, z′, z, z′
) ≡ 1
2CF N2c
〈
famn fabc
[
U †(z′)U(z′)
]nc [
U †(z)U(z)
]mb〉
' 1
2
(Q (z′, z′, z, z) S (z′, z′) S (z, z) +Q (z′, z′, z, z) S (z, z) S (z′, z′)) , (3.43)
for a 4-gluon system and respectively (see Fig. 6.b)
Sggg
(
w, z, z′
) ≡ 1
2CF N2c
〈
fgce fabd Uga(w)U cb(z)U ed(z′)
〉
' 1
2
(S (w, z′) S (z′, z) S (z, w) + S (w, z) S (z′, w) S (z, z′)) (3.44)
for a colorless system of 3 gluons. Once again, one has relied on Eq. (3.35) together with appropriate
Fiertz identities (summarized in Appendix G) in order to reexpress all the S-matrices in terms of gauge-
invariant correlators involving fundamental Wilson lines alone. To simplify writing, we have shown
the corresponding results only at large Nc, where they reduce to products of dipoles and quadrupoles.
This property — that, in the multi-color limit, the cross-section for inclusive multi-particle production
can be fully expressed in terms of dipoles and quadrupoles — is expected to be a general result, i.e.
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to hold for an arbitrary final state (at least, for cross-sections computed to LO in pQCD) [15, 65–67].
Our final formulae for the cross-sections in Eqs. (3.38) and (3.42) agree with the corresponding results
in the literature [15, 16].
4 Three parton components of the quark outgoing state
After the warm-up calculation of the dijet production in Sect. 3, we now turn to our main objective in
this paper: the calculation of the cross-section for producing three forward “jets” (actually, partons) in
the quark-nucleus scattering. As in the case of dijets, we shall divide our calculation into two parts, for
presentation purposes: first, we shall construct the three parton Fock space components of the quark
outgoing state (in this section); then, in the next section, we shall compute the actual cross-sections.
4.1 The general structure
Our starting point is, once again, the exact but formal expression, Eq. (2.4), for the outgoing state
produced by an incoming quark. To generate a final state involving three partons, meaning two
additional bare partons (two gluons or a quark-antiquark pair) besides the original quark, one needs
to expand the evolution operators Eq. (2.4) up to order g2. Given the familiar structure of the QCD
Lagragian, the following three types of contributions are easy to anticipate: (i) two initial state
emissions, as generated by the second order terms in the expansion of UI(0,−∞) in the first line of
(2.12); (ii) two final state emissions, from the second order terms in the expansion of UI(∞, 0) (cf.
the second line in (2.12)); (iii) one emission in the initial state and another one in the final state,
corresponding to the product of the first-order terms in both evolution operators. Additionally, due to
the peculiar structure of the LC-gauge QCD Hamiltonian which also involves 1→ 3 splitting vertices
(corresponding to instantaneous interactions), there is a fourth type of contributions, namely (iv)
one instantaneous splitting in either the initial state, or the final state, as generated by the respective
pieces in the first order terms in the expansion of either UI(0,−∞), or UI(∞, 0).
As in Sect. 3.2, we shall only display those Fock space components which matter for the cross-
sections to be computed in the next section — that is, those involving three bare partons. These are
naturally denoted as |qαλ 〉outqqq for the three-fermion state and, respectively, |qαλ 〉outqgg for the state built
with the original quark plus two gluons. In turn, each of these three-parton states receives two types
of contributions: regular contributions, which group together the terms of types (i), (ii) and (iii)
alluded to above, and instantaneous contributions, which refer to type (iv).
Specifically, for the final state with three fermions (two quarks and an antiquark), one can write
(using a generic representation, like in Eq. (3.18))
|qαλ 〉outqqq = |qαλ 〉regqqq + |qαλ 〉instqqq , (4.1)
where (the 3 terms with the accolades in the subsequent equation correspond to contributions of types
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(i), (ii) and (iii), respectively)
|qαλ 〉regqqq ≡
1
2
∣∣∣qρλ3 q%λ2 qσλ1〉

〈
qρλ3 q
%
λ2
qσλ1
∣∣∣Sˆ∣∣∣ qδλ7 qλ6 qκλ5〉〈qδλ7 qλ6 qκλ5 |Hg→qq| qβλ4 gai 〉〈qβλ4 gai |Hq→qg| qαλ〉
(Eqqq − Eq) (Eqg − Eq)
+
〈
qρλ3 q
%
λ2
qσλ1
∣∣∣Hg→qq ∣∣∣qγλ5 gai 〉〈qγλ5 gai ∣∣∣Hq→qg ∣∣∣qβλ4〉〈qβλ4 ∣∣∣Sˆ∣∣∣ qαλ〉
(Eqqq − Eqg)(Eqqq − Eq)
−
〈
qρλ3 q
%
λ2
qσλ1
∣∣∣Hg→qq ∣∣∣qγλ5 gj〉〈qγλ5 gj∣∣∣ Sˆ ∣∣∣qβλ4 gai 〉〈qβλ4 gai |Hq→qg| qαλ〉
(Eqqq − Eqg)(Eqg − Eq)
 ,
(4.2)
and (the two terms below describe initial-state and respectively final-state q → qqq splittings)
|qαλ 〉instqqq ≡
1
2
∣∣∣qρλ3 q%λ2 qσλ1〉
−
〈
qρλ3 q
%
λ2
qσλ1
∣∣∣Sˆ∣∣∣ qλ6 qδλ5 qβλ4〉 〈qλ6 qδλ5 qβλ4 |Hq→qqq| qαλ〉
Eqqq − Eq
+
〈
qρλ3 q
%
λ2
qσλ1 |Hq→qqq| q
β
λ4
〉 〈
qβλ4
∣∣∣Sˆ∣∣∣ qαλ〉
Eqqq − Eq
 , (4.3)
Concerning the qgg final state, it is convenient (for the purpose of the calculation) to separately
consider the contributions which involve the g → gg splitting vertex and those which do not. Such a
separation is quite obvious for the regular contributions, but it also makes sense for the instantaneous
ones: indeed, the instantaneous vertices q → qgg receive two types of contributions, represented by
two pieces in the interaction Hamiltonian — the “gluon” piece Hgq→qgg and the “quark” piece Hqq→qgg —,
corresponding to the situations where the instantaneous propagation refers to an intermediate gluon,
or to an intermediate quark, respectively. It is therefore natural to decompose |qαλ 〉outqgg as follows:
|qαλ 〉outqgg =
∑
i=1,2
(
|qαλ 〉reg, iqgg + |qαλ 〉inst, iqgg
)
, (4.4)
where i = 1 corresponds to regular pieces built with the q → qg vertex alone and to the “quark” piece
Hqq→qgg of the instantaneous q → qgg vertex,
|qαλ 〉reg, 1qgg ≡
1
2
∣∣∣qδλ3 gdm gcn〉

〈
qδλ3 g
d
m g
c
n
∣∣ Sˆ ∣∣∣qγλ2 gbj gcl 〉〈qγλ2 gbj gcl ∣∣∣Hq→qg ∣∣∣qβλ1 gai 〉〈qβλ1 gai |Hq→qg| qαλ〉
(Eqgg − Eq)(Eqg − Eq)
+
〈
qδλ3 g
d
m g
c
n
∣∣Hq→qg ∣∣∣qγλ2 gci〉〈qγλ2 gci ∣∣∣Hq→qg ∣∣∣qβλ1〉〈qβλ1 ∣∣∣Sˆ∣∣∣ qαλ〉
(Eqgg − Eqg)(Eqgg − Eq)
−
〈
qδλ3 g
d
m g
c
n
∣∣Hq→qg ∣∣∣qγλ2 gbj〉〈qγλ2 gbj∣∣∣ Sˆ ∣∣∣qβλ1 gai 〉〈qβλ1 gai |Hq→qg| qαλ〉
(Eqgg − Eqg)(Eqg − Eq)
 ,
(4.5)
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|qαλ 〉inst, 1qgg ≡
1
2
∣∣∣qγλ1 gdi gej〉
−
〈
qγλ1 g
d
i g
e
j
∣∣∣ Sˆ ∣∣∣qβλ2 gbm gcn〉〈qβλ2 gbm gcn |Hqq→qgg| qαλ〉
Eqgg − Eq
+
〈
qγλ1 g
d
i g
e
j
∣∣∣Hqq→qgg ∣∣∣qβλ2〉〈qβλ2 ∣∣∣Sˆ∣∣∣ qαλ〉
Eqgg − Eq
 , (4.6)
whereas i = 2 corresponds to regular pieces involving the 3-gluon vertex g → gg and to instantaneous
pieces computed with the “gluon” part Hgq→qgg of the instantaneous interaction Hamiltonian:
|qαλ 〉reg, 2qgg ≡
1
2
∣∣∣qγλ1 gdi gej〉

〈
qγλ1 g
d
i g
e
j
∣∣∣Sˆ∣∣∣ qδλ2 gbm gcn〉〈qδλ2 gbm gcn |Hg→gg| qβλ3 gal 〉〈qβλ3 gal |Hq→qg| qαλ〉
(Eqgg − Eq)(Eqg − Eq)
+
〈
qγλ1 g
d
i g
e
j |Hg→gg| qδλ2 gal
〉〈
qδλ2 g
a
l |Hq→qg| qβλ3
〉〈
qβλ3
∣∣∣Sˆ∣∣∣ qαλ〉
(Eqgg − Eqg)(Eqgg − Eq)
−
〈
qγλ1 g
d
i g
e
j |Hg→gg| qδλ2 gbl
〉〈
qδλ2 g
b
l
∣∣∣Sˆ∣∣∣ qβλ3 gam〉〈qβλ3 gam |Hq→qg| qαλ〉
(Eqgg − Eqg)(Eqg − Eq)
 ,
(4.7)
|qαλ 〉inst, 2qgg ≡
1
2
∣∣∣qδλ1 gdi gcj〉
−
〈
qδλ1 g
d
i g
c
j
∣∣∣Sˆ∣∣∣ qβ gbm gan〉 〈qβ gbm gan |Hgq→qgg| qαλ〉
Eqgg − Eq
+
〈
qδλ1 g
d
i g
c
j
∣∣∣Hgq→qgg ∣∣∣qβλ2〉〈qβλ2 ∣∣∣Sˆ∣∣∣ qαλ〉
Eqgg − Eq
 . (4.8)
In the remaining part of this section we shall present explicit results for these three-parton states. The
details of the calculations are deferred to Appendix F, on the example of the initial-state evolution
— that is, we explicitly construct there the three-parton components of the quark LCWF at the time
of scattering. The corresponding calculations for the final-state evolution are entirely similar, as they
differ only in their energy denominators (compare the first to the second line in Eq. (2.12)).
4.2 The qqq component
The “regular” contribution to this state is defined in Eq. (4.2) and explicitly constructed in subsection
F.1 of Appendix F. The final result in transverse-coordinate space reads (cf. Eq. (F.19))
∣∣qαλ (q+, w)〉regqqq¯ = − ∫
x,z,z′
∫ 1
0
dϑ dξ
g2 ϕilλ2λ3(ξ)φ
ij
λ1λ
(ϑ)Z l
(
Xj + ξZj
)
q+
2(2pi)4 (X + ξZ)2 Z2
×
[
Θ1(x, z, z
′)V %δ(z′) taδ V
†ρ(z)V σβ(x) taβα + Θ2(x, z, z
′) ta%ρ t
a
σβ V
βα(w) (4.9)
− tb%ρ V σβ(x)U ba(y) taβα
]
δ(2) (w −C)
∣∣∣q¯ρλ3((1− ξ)ϑq+, z) q%λ2(ξϑq+, z′) qσλ1((1− ϑ)q+,x)〉 ,
with the following notations:
Θ1(x, z, z
′) ≡ (1− ϑ) (X + ξZ)
2
(1− ϑ) (X + ξZ)2 + ξ(1− ξ)Z2 , (4.10)
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Figure 7. The three possible configurations for the interplay between the quark evolution and the scattering,
for a final partonic state built with three quarks and a propagating intermediate gluon: (a) initial-state evolution
(the first term within the square brackets in Eq. (4.9)), (b) mixed evolution: the gluon is emitted prior to the
scattering, but it splits after the scattering (the third term in Eq. (4.9)), (c) final-state evolution (the second
term in Eq. (4.9)).
Θ2(x, z, z
′) = 1−Θ1(x, z, z′) ≡ ξ(1− ξ)Z
2
(1− ϑ) (X + ξZ)2 + ξ(1− ξ)Z2 , (4.11)
where x and z′ denote the transverse coordinates of two final quarks, while z is the transverse coordi-
nate of the antiquark. In terms of these, the transverse position y of the intermediate gluon and the
corresponding position w of the incoming quark are given by (see also see Fig. 7)
y ≡ ξz′ + (1− ξ)z ; w = C ≡ (1− ϑ)x + ξϑz′ + (1− ξ)ϑz. (4.12)
We have further written Z ≡ z − z′ and X ≡ x− z.
The three terms inside the square brackets of Eq. (4.9), which carry the information about the
scattering, correspond to the three terms in the r.h.s. of Eq. (4.2). They exhibit different color
structures corresponding to the three possibilities for the insertion of the shockwave, as depicted on
Fig. 7. In particular, the first term inside the square brackets in (4.9), which involves three fundamental
Wilson lines and corresponds to Fig. 7.a, has been obtained simply by acting with the S-matrix on the
qqq Fock component shown in (F.19).
The other factors within the integrand of Eq. (4.9) can be understood as follows: the overall
factor outside the brackets was obtained as the product of the two emission vertices times the energy
denominators corresponding to one emission prior to the scattering (initial-state) and a second one
after the scattering (final-state); that is, these are the energy denominators associated with the third
term in Eq. (4.2). This explains why the corresponding (third) term within the brackets of Eq. (4.9)
has a unit weight. The factors Θ1 and Θ2 multiplying the other color structures restore the proper
energy denominators for having both emissions in the initial state and, respectively, in the final state.
The fact that Θ1 and Θ2 sum up to unity is in agreement with the fact that the three terms inside
the braces in Eq. (2.16) mutually cancel. In other terms, the r.h.s. of Eq. (4.9) would vanish in the
absence of scattering, in agreement with the general arguments in Sect. 2. A similar discussion applies
to all the other “regular” Fock components to be exhibited in what follows.
The instantaneous gluon contribution to the qqq final state is defined in Eq. (4.3) and illustrated in
Fig. 8, in which the “cut” gluon line represents an instantaneous gluon exchange, which cannot scatter
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Figure 8. The two possible insertions of the shockwave in the case where the final quark antiquark pair has
been produced via an instantaneous gluon interaction: (a) initial-state evolution, (b) final-state evolution.
off the nucleus. Accordingly, there is no diagram in which the “cut” gluon crosses the shockwave: the
two diagrams in Fig. 8.a and b correspond to the two terms in the r.h.s. of Eq. (4.3): the first term,
involving three fundamental Wilson lines, refers to initial-state evolution, where the second term with
a single Wilson line, to the final-state evolution. Both contributions are easily evaluated starting with
the expression (F.22) for the appropriate Fock space component. One finds (cf. Eq. (F.23))
∣∣qαλ (q+, w)〉instqqq¯ = − ∫
x,z,z′
∫ 1
0
dϑ dξ
g2 (1− ϑ)ξ(1− ξ)q+
(2pi)4
(
(1− ϑ) (X + ξZ)2 + ξ(1− ξ)Z2
)
×
[
V %δ(z′) taδ V
†ρ(z)V σβ(x) taβα − ta%ρ taσβ V βα(w)
]
× δ(2) (w −C)
∣∣∣q¯ρλ1((1− ξ)ϑq+, z) q%λ1(ξϑq+, z′) qσλ((1− ϑ)q+,x)〉 , (4.13)
with the same notations for the various transverse coordinates as in Eq. (4.9) and Eq. (4.12).
4.3 The qgg component
We now turn to the four Fock space components which involve a gluon pair in the final state, together
with the incoming quark. The respective calculations are detailed in Appendix F.2.
Figure 9. Two gluon emissions by the original quark. There are three possibilities for the insertion of the
shockwave: (a) initial-state evolution, (b) mixed (the first gluon emission occurs prior to scattering and the
second after the scattering), (c) final-state evolution.
Consider first the “type i = 1” topology, which does not involve the triple gluon vertex at all (recall
Eq. (4.4)). The “regular” contribution to this state is defined in (4.5) and illustrated in Fig 9: both
gluons are emitted by the incoming quark, either before, or after, its scattering off the shockwave.
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Thes processes yield (cf. Eq. (F.30))
∣∣qαλ (q+, w)〉reg, 1qgg = ∫
x,z,z′
∫ 1
0
dξ dϑ
g2φjmλ2λ1(ξ)φ
il
λ1λ
(ϑ) (ξX −X′)l Xm δ(2) (w −D) √(1− ϑ)q+
2(2pi)4
√
ξϑX2 (ξX −X′)2
×
[
Θ3(x, z, z
′)V δγ(x) tbγβ U
db(z)U ca(z′) taβα + Θ4(x, z, z
′) tdδγ t
c
γβ V
βα(w)
− tdδγ V γβ(y) taβα U ca(z′)
] ∣∣∣qδλ2((1− ξ)(1− ϑ)q+, x) gdj (ξ(1− ϑ)q+, z) gci (ϑq+, z′)〉 ,
(4.14)
with X ≡ x− z, X ′ ≡ x − z′ and
Θ3(x, z, z
′) ≡ ϑ (ξX −X
′)2
ϑ (ξX −X′)2 + ξ(1− ξ)X2 , (4.15)
Θ4(x, z, z
′) ≡ 1−Θ3(x, z, z′) = ξ(1− ξ)X
2
ϑ (ξX −X′)2 + ξ(1− ξ)X2 . (4.16)
In these expressions, x represents the transverse coordinate of the final quark, while z′ and z denote
the transverse coordinates of the first and second emitted gluon. The transverse position of the
intermediate gluon y and the corresponding position w of the incoming quarks are given by
y = (1− ξ)x + ξz ; w = D ≡ (1− ξ)(1− ϑ)x + ξ(1− ϑ)z + ϑz′. (4.17)
Figure 10. The two possible insertions of the shockwave in the case where the intermediate quark exchange is
instantaneous: (a) initial-state evolution, (b) final-state evolution.
Consider now the qgg state involving one instantaneous quark propagator, as defined in (4.6) and
illustrated in Fig. 10; the calculation in Appendix F.2 yields (cf. Eq. (F.35))
∣∣qαλ (q+, w)〉inst, 1qgg = −∫
x,z,z′
∫ 1
0
dξ dϑ
2g2
√
ξϑ(1− ξ)χ†λ1
(
δij − iεijσ3)χλ q+
(2pi)4
√
1− ϑ
(
ϑ (ξX −X′)2 + ξ(1− ξ)X2
)
×
[
V δγ(x) tbγβ U
db(z)U ca(z′) taβα − tdδγ tcγβ V βα(w)
]
× δ(2) (w −D)
∣∣∣qδλ1((1− ξ)(1− ϑ)q+, x) gdj (ξ(1− ϑ)q+, z) gci (ϑq+, z′)〉 ,
(4.18)
with the same notations for the various transverse coordinates as in Eq. (4.14) and Eq. (4.17).
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Figure 11. The three possible configurations for the interplay between the quark evolution and the scattering,
for a final partonic state built with a quark and two gluons which were produced from a propagating intermediate
gluon: (a) initial-state evolution, (b) mixed (the gluon emission occurs prior to scattering, but its splitting
happens after the scattering), (c) final-state evolution.
We finally turn to the qgg states which also involve the triple gluon vertex. The “regular” one was
defined in (4.7) and is illustrated in Fig. 11. The calculation in Appendix F.2 yields (cf. Eq. (F.39))
∣∣qαλ (q+, w)〉reg, 2qgg = − ∫
x,z,z′
∫ 1
0
dϑ dξ
ig2
√
ξ(1− ξ)φimλ1λ(ϑ) δ(2) (w −C) q+
2(2pi)4Z2 (X + ξZ)2
× (Xm + ξZm)
(
Ziδjl − 1
ξ
Zjδil − 1
1− ξZ
lδij
)
×
[
Θ1(x, z, z
′) fabc V γβ(x)U ec(z)Udb(z′) taβα + Θ2(x, z, z
′) fade taγβ V
βα(w)
− f bde V γβ(x)U ba(y) taβα
] ∣∣∣qγλ1((1− ϑ)q+, x) gdj (ϑξq+, z′) gel (ϑ(1− ξ)q+, z)〉 .
(4.19)
where x in the transverse coordinate of the final quark, while z′ and z denote the transverse coordinates
of the final gluons after the original gluon splitted. The transverse position of the intermediate gluon
y and the corresponding position w of the incoming quarks are given by (4.12). Like before, we used
the notations Z ≡ z − z′ and X ≡ x− z.
As for the state involving an instantaneous propagator, as defined in (4.8) and illustrated in Fig. 12,
this yields (cf. Eq. (F.42))
∣∣qαλ (q+, w)〉inst, 2qgg = − ∫
x,z,z′
∫ 1
0
dϑ dξ
ig2(1− 2ξϑ)(1− ϑ)√ξ(1− ξ)q+
2(2pi)4
(
(1− ϑ) (X + ξZ)2 + ξ(1− ξ)Z2
)
×
[
fabc V γβ(x)U ec(z)Udb(z′) taβα − fade taγβ V βα(w)
]
× δ(2) (w −C)
∣∣∣qγλ((1− ϑ)q+, x) gdi (ϑξq+, z′) gei (ϑ(1− ξ)q+, z)〉 , (4.20)
with the same notations for the various transverse coordinates as in Eq. (4.19) and Eq. (4.12).
5 The trijet cross section
We are now in a position to explicitly compute the physical quantity of interest for us in this work,
namely the cross-section for the production of three ‘jets’ (actually, partons) at forward rapidities in
the scattering between a quark ‘taken’ (within the collinear factorization) from a dilute projectile (a
– 25 –
Figure 12. The two possible insertions of the shockwave in the case where a pair of gluons has been produced
via an instantaneous gluon interaction: (a) initial-state evolution, (b) final-state evolution.
proton) and a shockwave describing a dense target (a large nucleus) within the CGC effective theory.
The calculation is conceptually straightforward — it merely amounts to taking the expectation value
of the product of three parton number density operators over the quark outgoing state constructed
in the previous section —, yet this is quite tedious in practice, because of the complexity of the final
state, which receives contributions from Feynman graphs with many possible topologies.
Specifically, as discussed in Sect. 4, for an incoming quark there are two possible final states
containing three partons: qqq¯ and qgg. Hence, the LO cross-section for trijet production in the quark
channel can be written as
dσpA→3jet+X
d3q1 d3q2 d3q3
=
∫
dxp q(xp, µ
2)
(
dσqA→qgg+X
d3q1 d3q2 d3q3
+
dσqA→qqq+X
d3q1 d3q2 d3q3
)
, (5.1)
with q(xp, µ2) is the quark distribution function of the proton evaluated for a longitudinal momentum
fraction xp = q+/Q+ (with Q+ the proton longitudinal momentum and q+ the respective momentum
of the participating quark) and for a transverse resolution scale µ2 (of the order of the hardest among
the transverse momenta of the produced jets). In the kinematic of interest, the “plus” momentum
transferred by the target is negligible, hence the conservation of longitudinal momentum requires
q+ = q+1 + q
+
2 + q
+
3 , which in turn fixes the value of xp.
Consider the partonic cross-section for the qA→ qgg +X channel, for definiteness. This is com-
puted similarly to Eq. (3.28), that is (a factor 2piδ(q+1 + q
+
2 + q
+
3 − q+) is implicit in the l.h.s.)
dσqA→qqq+X
d3q1 d3q2 d3q3
≡ 1
2Nc
out
〈
qαλ (q
+, q = 0⊥)
∣∣ Nˆq(q1) Nˆq(q2) Nˆq(q3) ∣∣qαλ (q+, q = 0⊥)〉out
=
1
2Nc
∫
w,w
out
qgq¯
〈
qαλ (q
+, w)
∣∣ Nˆq(q1) Nˆq(q2) Nˆq(q3) ∣∣qαλ (q+, w)〉outqqq¯ , (5.2)
which involves the number-density Fock space operators for bare quarks and antiquarks previously
introduced in (3.3) and (3.25).
As explained in Sect. 4, the qqq¯ component of the outgoing quark state contains two pieces, a
“regular” piece with three contributing topologies (cf. Fig. 7) and an “instantaneous” one, with two
possible topologies (cf. Fig. 8). When “squaring” the wave function to compute the cross-section
(5.2), one therefore generates 25 different topologies: 9 topologies involving the “regular” pieces of the
LCWF alone, 12 interference topologies between “regular” and “instantaneous” graphs, and 4 built
with the “instantaneous” graphs alone. More precisely, there are 2 × 25 = 50 additional topologies in
which the 2 quarks in the final state are differently connected between the direct amplitude (DA) and
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the complex conjugate amplitude (CCA): e.g., the original quark in the DA gets connected with the
daughter quark in the CCA; see Fig. 13.b. However, such “crossed” diagrams are suppressed in the
multi-color limit Nc →∞ to which we shall eventually restrict in what follows (since the results look
already complicated in that limit). Hence, from now on we shall neglect all such “crossed” topologies.
A similar observation applies to the diagrams involving gluons in the final state: we shall keep only
the planar graphs, like that Fig. 14.a, but ignore the non-planar ones like that in Fig. 14.b, which are
suppressed at large Nc.
Figure 13. Two examples of graphs for qqq¯ production. The graph on the left contributes in the large Nc
limit and will be indeed included in our calculation. The one on the right is suppressed at large Nc and will be
ignored. The dashed vertical lines indicates the final state at time x+ →∞.
Figure 14. Two examples of graphs for qgg production. The planar graph on the left contributes in the large
Nc limit and will be indeed included in our calculation. The non-planar one on the right is suppressed at large
Nc and will be ignored.
5.1 The qqq final state
The starting point is Eq. (5.2) together with Eqs. (4.9) and (4.13) for the qqq Fock space components
of the quark outgoing state. It is then straightforward to evaluate the expectation value of the three-
parton particle number densities (the matrix element shown in Eq. (C.25) is useful in that respect),
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with the following result:
dσqA→qqq+X
d3q1 d3q2 d3q3
≡ α
2
s CF Nf
2(2pi)10(q+)2
δ(q+ − q+1 − q+2 − q+3 )
∫
x,z,z′,x,z,z′
e−iq1·(x−x)−iq2·(z−z¯)−iq3·(z
′−z¯′)
× {K1qqq (x, z, z′, x, z, z′) [Θ1Θ1Sqqqqqq (x, z, z′, x, z, z′) − Θ1Sqqqqg (x, z, z′, x, y)
− Θ1Sqgqqq
(
x, y, x, z, z′
)
+ Θ2Θ1Sqqqq
(
w, x, z, z′
)
+ Θ1Θ2Sqqqq
(
x, w, z′, z
)
+Sqgqg (x, y, x, y)− Θ2Sqqg (w, y, x) − Θ2Sqqg (x, w, y) + Θ2Θ2S (w, w)
]
+ K2qqq
(
x, z, z′, x, z, z′
) [
Θ1Sqqqqqq
(
x, z, z′, x, z, z′
) − Sqqqqg (x, z, z′, x, y)
−Θ1Sqqqq
(
w, x, z, z′
)
+ Θ2Sqqqq
(
x, w, z′, z
)
+ Sqqg (w, y, x) − Θ2S (w, w)
]
+ K2qqq
(
x, z, z′, x, z, z′
) [
Θ1Sqqqqqq
(
x, z, z′, x, z, z′
) − Sqgqqq (x, y, x, z, z′)
+ Θ2Sqqqq
(
w, x, z, z′
) − Θ1Sqqqq (x, w, z′, z) + Sqqg (x, w, y) − Θ2S (w, w)]
+ K3qqq
(
x, z, z′, x, z, z′
) [
Sqqqqqq
(
x, z, z′, x, z, z′
) − Sqqqq (w, x, z, z′)
−Sqqqq
(
x, w, z′, z
)
+ S (w, w)]} + (q+1 ↔ q+2 , q1 ↔ q2) .
(5.3)
The transverse coordinates x and z′ refer to the two quarks in the DA, while z refers to the antiquark.
The respective coordinates in the CCA are denoted as x, z′, z′; e.g. the fermion at x effectively acts
as an antiquark for the purpose of the collision with the shockwave. The transverse coordinates which
do not appear under the integration sign are defined as follows:
y ≡ ξz′ + (1− ξ)z ; w ≡ (1− ϑ)x + ξϑz′ + (1− ξ)ϑz;
y ≡ ξz′ + (1− ξ)z ; w ≡ (1− ϑ)x + ξϑz′ + (1− ξ)ϑz. (5.4)
The longitudinal momentum fractions are fixed by the external momenta as follows:
ϑ =
q+2 + q
+
3
q+
, ξ =
q+3
q+2 + q
+
3
. (5.5)
In deriving the three kernels K1qqq, K
2
qqq and K
3
qqq, we have performed the sums over polarizations and
helicities with the help of the following identities:
ϕmn†λ1λ (ξ)ϕ
il
λ1λ(ξ) = 2
(
(2ξ − 1)2δmnδil + δmiδnl − δniδml
)
,
φmp†λ1λ (ϑ)φ
ij
λ1λ
(ϑ) = 2
(
(ϑ− 2)2δmpδij + ϑ2 (δimδpj − δipδmj)) , (5.6)
and
φmp†λ1λ (ϑ)ϕ
mn†
λ2λ3
(ξ)ϕilλ2λ3(ξ)φ
ij
λ1λ
(ϑ) (5.7)
= 2
[(
(2ξ − 1)2(ϑ− 2)2 + ϑ2) δnpδlj + ((ϑ− 2)2 + 2ϑ2) δpjδnl − ((2ξ − 1)2ϑ2 + (ϑ− 2)2) δlpδnj] .
We recognize in the r.h.s. of Eq. (5.3) the four types of contributions anticipated at the beginning
of this section. All the terms of a given type have the same branching pattern (in both the DA and the
CCA) — hence they are multiplied by the same emission kernel —, but differ from each other at the
level of the shockwave insertions — hence they involve S-matrices with different color structures. As
in the previous sections, we label the S-matrices via lower indices which indicate the partons involved
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Figure 15. Three of the nine diagrams of the first type contributing to the cross-section for the qqq¯ final state.
The intermediate gluon is non-local in time (“propagating”) in both the DA and the CCA. All such graphs enter
in the final result with the kernel K1qqq. The S-matrices corresponding to these particular graphs are Sqqqqqq
for graph (a), S(2)qqqqg for graph (b) and, finally, S
(1)
qqqq for graph (c).
in the scattering and also (when needed) via upper indices (1) or (2), to distinguish between different
color configurations with the same partonic content. To facilitate the reading of this section, we have
collected the definitions of the various S–matrices in Appendix G, see notably Eqs. (G.2)–(G.5). But
their simplified versions valid in the large-Nc limit will be exhibited later in this section.
Specifically, the nine terms multiplying the kernel K1qqq, with (we use the notations Z ≡ z − z′,
X ≡ x− z, Z ≡ z − z′ and X ≡ x− z)
K1qqq
(
x, z, z′, x, z, z′
) ≡ Zn (Xp + ξZp) Z l (Xj + ξZj)
Z
2 (
X + ξZ
)2
Z2 (X + ξZ)2
×
((
(2ξ − 1)2(ϑ− 2)2 + ϑ2) δnpδlj + ((ϑ− 2)2 + 2ϑ2) δpjδnl − ((2ξ − 1)2ϑ2 + (ϑ− 2)2) δlpδnj) ,
(5.8)
corresponds to diagrams where the intermediate gluon propagator is non-local in time, i.e. it shows a
genuine propagation. Three of the nine associated diagrams are shown in Fig. 15.
Furthermore, the two subsequent types of contributions, containing 6 terms each and proportional
to the same kernel K2qqq (but with different transverse coordinates for the two types), represent in-
terference terms between “propagating” gluons in the DA and “instantaneous” gluons in the CCA, or
vice-versa (see Fig. 16). The corresponding kernel reads:
K2qqq
(
x, z, z′, x, z, z′
) ≡ 4(2ξ − 1)(2− ϑ)(1− ϑ)ξ(1− ξ)Z · (X + ξZ)(
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2) Z2 (X + ξZ)2 , (5.9)
Finally, the four terms multiplying K3qqq, with
K3qqq
(
x, z, z′, x, z, z′
)
≡ 2(1− ϑ)
2ξ2(1− ξ)2(
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2) (ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2) , (5.10)
represent diagrams in which the intermediate gluon is instantaneous in both the DA and the CCA. cf.
Fig. 17.
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Figure 16. Three among the 12 interference graphs between a propagating intermediate gluon in the DA and
an instantaneous one in the CCA, or vice-versa. All such diagrams yield contributions proportional to K2qqq.
Figure 17. Two among the four diagrams in which the intermediate gluon is instantaneous in both the DA
and the CCA. Such diagrams enter in the final result with the kernel K3qqq.
As promised, the color structure of the various S-matrices becomes more transparent when taking
the large-Nc limit (see App. G for details). After retaining only the structures which are left at the
large Nc limit and replacing CF → Nc/2, the result (5.3) can be fully expressed in terms of dipoles
and quadrupoles, as expected on general grounds [15, 65–67]. Specifically, one finds
dσqA→qqq+X
d3q1 d3q2 d3q3
≡ α
2
s NcNf
4(2pi)10(q+)2
δ(q+ − q+1 − q+2 − q+3 )
∫
x,z,z′,x,z,z′
e−iq1·(x−x)−iq2·(z−z¯)−iq3·(z
′−z¯′)
× {K1qqq (x, z, z′, x, z, z′) [Θ1 Θ1Q(x, x, z, z)S(z′, z′) − Θ1Q(x, x, y, z)S(z′, y)
− Θ1Q(x, x, z, y)S(y, z′) + Θ2 Θ1 S(w, z′)S(z, x) + Θ1 Θ2 S(x, z)S(z′, w)
+Q(x, x, y, y)S(y, y)− Θ2 S(w, x)S(x, y) − Θ2 S(x, y)S(y, w) + Θ2 Θ2S (w, w)
]
+ K2qqq
(
x, z, z′, x, z, z′
) [
Θ1Q(x, x, z, z)S(z′, z′) − Q(x, x, y, z)S(z′, y)
−Θ1 S(w, z′)S(z, x) + Θ2 S(x, z)S(z′, w) + S(w, x)S(x, y) − Θ2 S (w, w)
]
+ K2qqq
(
x, z, z′, x, z, z′
) [
Θ1Q(x, x, z, z)S(z′, z′) − Q(x, x, z, y)S(y, z′)
+ Θ2 S(w, z′)S(z, x) − Θ1 S(x, z)S(z′, w) + S(x, y)S(y, w) − Θ2 S (w, w)
]
+ K3qqq
(
x, z, z′, x, z, z′
) [Q(x, x, z, z)S(z′, z′) − S(w, z′)S(z, x)
−S(x, z)S(z′, w) + S (w, w)]} + (q+1 ↔ q+2 , q1 ↔ q2) .
(5.11)
– 30 –
5.2 The qgg final state
The calculation of the cross section for the final state involving the original quark plus two gluons is
similar to the previous one for the case where the quark was accompanied by a quark-antiquark pair,
but a little more cumbersome, due to the fact that there are twice as many contributions to the qgg
Fock space component of the quark LCWF (cf. Eqs. (4.4)–(4.8)). Specifically, besides the (regular and
instantaneous) contributions involving an intermediate gluon, labelled with a subscript i = 2 in Sect. 4
(see Figs. 11 and 12), there are also contributions, labelled with i = 1, involving an intermediate quark
(see Figs. 9 and 10). Hence, when computing the cross-section for qgg production, we shall also meet
with interference contributions between “intermediate gluon” and “intermediate quark”.
5.2.1 Contributions with an intermediate quark
This calculation and the physical interpretation of its results are entirely similar to that for the qqq¯
final state presented in Sect. 5.1, so here we shall only quote the final results. Namely, starting with
Eqs. (4.14) and (4.18) and using the matrix element (C.26), one finds
dσqA→qgg+XQQ
d3q1 d3q2 d3q3
≡ 2α
2
s C
2
F
(2pi)10(q+)2
δ(q+ − q+1 − q+2 − q+3 )
∫
x,z,z′,x,z,z′
e−iq1·(x−x)−iq2·(z−z)−iq3·(z
′−z′)
×
{
K1qgg
(
x, z, z′, x, z, z′
) [
Θ3 Θ3 S
(1)
qggqgg
(
x, z, z′, x, z, z′
) − Θ3 S(1)qgqgg (y, z′, x, z, z′)
− Θ3 S(1)qggqg
(
x, z, z′, y, z
)
+ Θ4 Θ3 Sqgqg
(
y, z′, y, z′
)
+ Θ3 Θ4 S
(1)
qqgg
(
w, x, z, z′
)
+S(1)qqgg
(
x, w, z′, z
)− Θ4 Sqqg (w, y, z′) − Θ4 Sqqg (y, w, z′) + Θ4 Θ4 S (w, w)]
+ K2qgg
(
x, z, z′, x, z, z′
) [
Θ3 S
(1)
qggqgg
(
x, z, z′, x, z, z′
) − S(1)qggqg (x, z, z′, y, z)
−Θ3 S(1)qqgg
(
w, x, z, z′
)
+ Θ4 S
(1)
qqgg
(
x, w, z′, z
)
+ Sqqg
(
w, y, z′
) − Θ4 S (w, w)]
+ K2qgg
(
x, z, z′, x, z, z′
) [
Θ3 S
(1)
qggqgg
(
x, z, z′, x, z, z′
) − S(1)qqggg (y, z′, x, z, z′)
+ Θ4 S
(1)
qqgg
(
w, x, z, z′
) − Θ3 S(1)qqgg (x, w, z′, z) + Sqqg (y, w, z′) − Θ4 S (w, w)]
+ K3qgg
(
x, z, z′, x, z, z′
) [
S(1)qggqgg
(
x, z, z′, x, z, z′
) − S(1)qqgg (w, x, z, z′)
−S(1)qqgg
(
x, w, z′, z
)
+ S (w, w)
]}
+
(
q+2 ↔ q+3 , q2 ↔ q3
)
.
(5.12)
where the additional transverse coordinates (besides those to be integrated over) are defined as:
y ≡ (1− ξ)x + ξz, w ≡ (1− ξ)(1− ϑ)x + ξ(1− ϑ)z + ϑz′,
y ≡ (1− ξ)x + ξz, w ≡ (1− ξ)(1− ϑ)x + ξ(1− ϑ)z + ϑz′, (5.13)
with the following values for the longitudinal momentum fractions:
ϑ =
q+2
q+
, ξ =
q+1
q+1 + q
+
3
. (5.14)
Eq. (5.12) features three new kernels, defined as
K1qgg
(
x, z, z′, x, z, z′
) ≡ 2(1− ϑ) (1 + (1− ϑ)2) (1 + (1− ξ)2) X ·X
(
ξX −X′
)
· (ξX −X′)
ξ ϑ2X
2
X2
(
ξX −X′
)2
(ξX −X′)2
,
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(5.15)
where X ≡ x− z, X ′ ≡ x − z′ and similarly for X and X′. Furthermore,
K2qgg
(
x, z, z′, x, z, z′
) ≡ −(1− ξ)χ†λ (δij + iεijσ3)χλ2φjmλ2λ1(ξ)φilλ1λ(ϑ) (ξX −X′)l Xm√
ϑ
(
ϑ
(
ξX −X′
)2
+ ξ(1− ξ)X2
)
X2 (ξX −X′)2
, (5.16)
and respectively
K3qgg
(
x, z, z′, x, z, z′
) ≡ 32ξϑ(1− ξ)2
(1− ϑ)
(
ϑ
(
ξX −X′
)2
+ ξ(1− ξ)X2
) (
ϑ (ξX −X′)2 + ξ(1− ξ)X2
) .
(5.17)
The identities (3.29) and (F.18) were useful in deriving the final expressions for these kernels.
The new S-matrices which appear in (5.12) involve both fundamental and adjoint Wilson lines.
They are presented, together with their simplified versions at large Nc, in Eqs. (G.6)–(G.9) of App. G.
Figure 18. Three among the nine diagrams of type which contribute to the production of two gluons. Both
gluons are emitted by the initial quark and the intermediate quark propagator is not instantaneous. All such
diagrams yield contributions proportional with the kernel K1qgg. The particular color structures associated with
diagrams (a), (b) and (c) are S(1)qqgggg, S
(1)
qqggg, and S
(2)
qqgg, respectively.
Figure 19. Three examples of interference diagrams between one “regular” intermediate quark propagator and
one instantaneous one. Such diagrams gives contributions proportional with K2qgg.
To illustrate the result in Eq. (5.12), we exhibit in Figs. 18, 19, and 20 some examples of diagrams
of the various types.
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Figure 20. Two among the four diagrams in which the intermediate quark propagator is instantaneous in both
the DA and the CCA. The associated contributions involve the kernel K3qgg.
5.2.2 Contributions with an intermediate gluon
In this case, the relevant Fock space components are shown in Eqs. (4.19)–(4.20). Using again the
matrix element (C.26), one finds after simple algebra
dσqA→qgg+XGG
d3q1 d3q2 d3q3
≡ α
2
s CF Nc
(2pi)10(q+)2
δ(q+ − q+1 − q+2 − q+3 )
∫
x,z,z′,x,z,z′
e−iq1·(x−x)−iq2·(z−z)−iq3·(z
′−z′)
×
{
K4qgg
(
x, z, z′, x, z, z′
) [
Θ1 Θ1 S
(2)
qggqgg
(
x, z, z′, x, z, z′
) − Θ1 S(2)qggqg (x, z, z′, x, y)
− Θ1 S(2)qgqgg
(
x, y, x, z, z′
)
+ Θ2 Θ1 S
(2)
qqgg
(
w, x, z, z′
)
+ Θ1 Θ2 S
(2)
qqgg
(
x, w, z, z′
)
+Sqgqg (x, y, x, y)− Θ2 Sqqg (x, w, y) − Θ2 Sqqg (w, x, y) + Θ2 Θ2 S (w, w)
]
+ K5qgg
(
x, z, z′, x, z, z′
) [
Θ1 S
(2)
qggqgg
(
x, z, z′, x, z, z′
) − S(2)qggqg (x, z, z′, x, y)
−Θ1 S(2)qqgg
(
w, x, z, z′
)
+ Θ2 S
(2)
qqgg
(
x, w, z, z′
)
+ Sqqg (w, x, y) − Θ2 S (w, w)
]
+ K5qgg
(
x, z, z′, x, z, z′
) [
Θ1 S
(2)
qggqgg
(
x, z, z′, x, z, z′
) − S(2)qgqgg (x, y, x, z, z′)
+ Θ2 S
(2)
qqgg
(
w, x, z, z′
) − Θ1 S(2)qqgg (x, w, z, z′) + Sqqg (x, w, y) − Θ2 S (w, w)]
+ K6qgg
(
x, z, z′, x, z, z′
) [
S(2)qggqgg
(
x, z, z′, x, z, z′
) − S(2)qqgg (w, x, z, z′)
−S(2)qqgg
(
x, w, z, z′
)
+ S (w, w)
]}
+
(
q+2 ↔ q+3 , q2 ↔ q3
)
.
(5.18)
In this equation, x, z, z′ denote the transverse coordinates of the final quark and of the two final
gluons in the DA, while y and w refer to the initial quark and the intermediate gluon, respectively.
The corresponding coordinates in the CCA are indicated with a bar. We have
y ≡ ξz + (1− ξ)z′, w ≡ (1− ϑ)x + ξϑz′ + (1− ξ)ϑz,
y ≡ ξz + (1− ξ)z′, w ≡ (1− ϑ)x + ξϑz′ + (1− ξ)ϑz. (5.19)
The longitudinal momentum fractions take the following values
ϑ =
q+2 + q
+
3
q+
, ξ =
q+2
q+2 + q
+
3
. (5.20)
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Figure 21. Three examples of diagrams for 2-gluon production which involve a propagating intermediate gluon
in both the DA and the CCA. There are nine such graphs, each of them proportional with the kernel K4qgg.
The particular diagrams shown here are associated with the following S–matrices: Sqqqqqq for (a), S
(2)
qqqqg for
(b), and S(1)qqqq for (c).
Figure 22. Three examples of diagrams for 2-gluon production which involve a propagating intermediate gluon
in the DA and an instantaneous one in the CCA. There are 12 such diagrams altogether (after permuting DA
and CCA), all multiplying the kernel K5qgg.
Figure 23. Two diagrams 2-gluon production which involve an instantaneous gluon exchange in both the DA
and the CCA. There are 4 such graphs, all proportional with the kernel K6qgg.
The three new kernels which appear in Eq. (5.18) are defined as (with Z ≡ z − z′, X ≡ x− z etc.)
K4qgg
(
x, z, z′, x, z, z′
) ≡ (Xm + ξZm) (Xs + ξZs)
Z
2 (
X + ξZ
)2
Z2 (X + ξZ)2
×
[
2ξ(1− ξ) ((ϑ− 2)2ZmZs −ZsZm + δmsZ ·Z) + ((ϑ− 2)2 + 1) (1− ξ
ξ
+
ξ
1− ξ
)
δmsZ ·Z
]
,
(5.21)
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K5qgg
(
x, z, z′, x, z, z′
) ≡ −(2− ϑ)(2ξ(1− ξ)− 1)(1− ϑ)(1− 2ξϑ) (X ·Z + ξZ2)(
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2) Z2 (X + ξZ)2 , (5.22)
K6qgg
(
x, z, z′, x, z, z′
)
≡ (1− 2ξϑ)
2 (1− ϑ)2 ξ(1− ξ)(
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2) (ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2) . (5.23)
The explicit expressions for the S-matrices in terms of Wilson lines can be found in Eqs. (G.10)–(G.13),
together with their simplified versions at large Nc.
In Figs. 21, 22 and 23, we exhibit examples of Feynman graphs which illustrate the various types
of terms appearing in Eq. (5.18).
5.2.3 Interference contributions
The final contributions we have to consider are those which express the interference between graphs
with an intermediate gluon and those with an intermediate quark. Let us first some examples of such
production diagrams. In Fig. 24, we show diagrams in which both the intermediate gluon and the
intermediate quark are propagating fields. Figs. 26 and 25 show examples where one of the exchange
is instantaneous; finally, in the examples included in Fig. 27, both exchanges are instantaneous.
Figure 24. Three examples of interference diagrams in which both the intermediate gluon and the intermediate
quark are propagating fields. There are nine such diagrams and they yield contributions proportional with the
kernel K7qgg.
All the ingredients that are needed to evaluate such graphs have already been mentioned in relation
with the previous calculations; so, here we only show the final result for the interference contribution
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to the cross-section for qgg production; this reads
dσqA→qgg+XQG
d3q1 d3q2 d3q3
≡ α
2
s CF Nc
(2pi)10(q+)2
δ(q+ − q+1 − q+2 − q+3 ) Re
∫
x,z,z′,x,z,z′
e−iq1·(x−x)−iq2·(z−z)−iq3·(z
′−z′)
×
{
K7qgg
(
x, z, z′, x, z, z′
) [
Θ3 Θ1 S
(3)
qggqgg
(
x, z, z′, x, z, z′
) − Θ3 S(3)qggqg (x, z, z′, x, y)
− Θ1 S(3)qgqgg
(
y, z′, x, z, z′
)
+ Θ3 Θ2 Sqggq
(
x, z, z′, w
)
+ Θ4 Θ1 S
(3)
qqgg
(
w, x, z, z′
)
+Sqggq
(
y, z′, y, x
) − Θ2 Sqqg (y, w, z′) − Θ4 Sqqg (w, y, x) + Θ4 Θ2 S (w, w)]
+ K8qgg
(
x, z, z′, x, z, z′
) [
Θ1 S
(3)
qggqgg
(
x, z, z′, x, z, z′
) − S(3)qggqg (x, z, z′, x, y)
+ Θ2 Sqggq
(
x, z, z′, w
) − Θ1 S(3)qqgg (w, x, z, z′) + Sqqg (w, y, x) − Θ2 S (w, w)]
+ K9qgg
(
x, z, z′, x, z, z′
) [
Θ3 S
(3)
qggqgg
(
x, z, z′, x, z, z′
) − S(3)qgqgg (y, z′, x, z, z′)
−Θ3 Sqggq
(
x, z, z′, w
)
+ Θ4 S
(3)
qqgg
(
w, x, z, z′
)
+ Sqqg
(
y, w, z′
) − Θ4 S (w, w)]
+ K10qgg
(
x, z, z′, x, z, z′
) [
S(3)qggqgg
(
x, z, z′, x, z, z′
) − S(3)qqgg (w, x, z, z′)
−Sqggq
(
x, z, z′, w
)
+ S (w, w)]} + (q+2 ↔ q+3 , q2 ↔ q3) .
(5.24)
Notice the “real part” (Re) sign in front of the integral in Eq. (5.24): by taking twice the real part
of diagrams like those illustrated in Figs. 24, 26, 25 and 27, we have also taken into account the
corresponding diagrams in which the positions of the intermediate gluon and of the intermediate quark
are interchanged.
In Eq. (5.24) we introduced the following new kernels:
K7qgg
(
x, z, z′, x, z, z′
) ≡ −
√
(1− ϑ)ξ(1− ξ)φin†λ2λ(ϑ)ϕ
jm†
λ1λ2
(ξ)φsrλ1λ(ϑ)
2ϑ
√
ξX
2
(
ξX −X′
)2
Z2 (X + ξZ)2
×
(
ξX −X′
)n
X
m
(Xr + ξZr)
(
Zsδji − 1
ξ
Zjδsi − 1
1− ξZ
iδsj
)
,
(5.25)
K8qgg
(
x, z, z′, x, z, z′
)
≡ −
√
(1− ϑ)ξ(1− ξ) (1− 2ξϑ)(1− ϑ)φim†λλ1(ξ)φ
il†
λ1λ
(ϑ)
(
ξX −X′
)l
X
m
2ϑ
√
ξX
2
(
ξX −X′
)2 (
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2
) , (5.26)
K9qgg
(
x, z, z′, x, z, z′
) ≡ 2
√
ξ ϑξ(1− ξ)(1− ξ)χ†λ
(
δlj + iεljσ3
)
χλ1φ
im
λ1λ
(ϑ)√
1− ϑ
(
ϑ
(
ξX −X′
)2
+ ξ(1− ξ)X2
)
Z2 (X + ξZ)2
× (Xm + ξZm)
(
Ziδjl − 1
ξ
Zjδil − 1
1− ξZ
lδij
)
,
(5.27)
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K10qgg
(
x, z, z′, x, z, z′
)
≡
8
√
ξ ϑξ(1− ξ)(1− ξ)(1− 2ξϑ)(1− ϑ)√
1− ϑ
(
ϑ
(
ξX −X′
)2
+ ξ(1− ξ)X2
) (
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2
) . (5.28)
The sums over polarizations and helicities in Eq. (5.25) can be explicitly performed as follows,
φin†λ2λ(ϑ)ϕ
jm†
λ1λ2
(ξ)φsrλ1λ(ϑ)
= 2
(
(2− ϑ)(2− ϑ)(2ξ − 1)δinδjmδsr − ϑ(2− ϑ)δinεjmεsr + ϑϑ(2ξ − 1)δjmεinεsr + (2− ϑ)ϑδsrεinεjm) ,
(5.29)
but the ensuing result is not specially illuminating.
The longitudinal momentum fractions take the following values:
ϑ =
q+2 + q
+
3
q+
, ϑ =
q+3
q+
, ξ =
q+2
q+1 + q
+
2
, ξ =
q+2
q+2 + q
+
3
. (5.30)
Finally, the new scattering operators appearing in Eq. (5.24) are defined in terms of Wilson lines in
Eqs. (G.14)–(G.17). Once again, they drastically simplify in the large Nc limit, where they all reduce
to products of dipoles and quadrupoles, as expected.
Figure 25. Three examples of interference diagrams in which the intermediate gluon is a propagating field,
whereas the intermediate quark is an instantaneous exchange. There are six such contributions, all proportional
to the kernel K8qgg.
Figure 26. Interference diagrams in which the intermediate gluon is an instantaneous exchange, whereas the
intermediate quark is is a propagating field. There are six such contributions, all proportional to the kernel
K9qgg.
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Figure 27. Two among the four graphs in which both the intermediate gluon and the intermediate quark are
instantaneous exchanges. All such contributions are proportional to the kernel K10qgg.
6 Conclusions and perspectives
In this paper we have presented the first calculation of the cross-section for the production of three col-
ored partons (“jets”) at forward rapidities in proton-nucleus collisions, to leading order in perturbative
QCD. We have thus generalized recent calculations in the literature which focused on three-particle
finale states as well, but in somewhat simpler contexts [58–60], where there are considerably less
topologies for the Feynman graphs contributing to the final state.
For simplicity, we have considered the quark channel alone, that is, we have only included the
processes initiated by a quark that was originally collinear with the proton. The main ingredient of
our calculation is the light-cone wave function of this quark and, more precisely, its three-parton Fock
space components. These components are generated via two successive (initial-state and/or final-state)
parton branchings followed — for the incoming quark and also for the partons produced via initial-state
evolution — by multiple scattering off the gluon distribution in the target, as computed in the eikonal
approximation.
The relevant Fock space components of the LCWF have been explicitly constructed in transverse
coordinate space: they are built with Weiszäcker-Williams kernels for the gluon emissions and Wilson
lines for the partons which participate in the scattering. Correspondingly, our final results for the
cross-sections for three-parton production are expressed as Fourier transforms from coordinate space
to transverse momentum space. But albeit the physical picture is fully explicit (in particular, the
structure of the microscopic process can be directly read from the formulae), it is fair to say that our
current results are still far away from direct applications to the phenomenology.
First, our cross-sections are written as multiple convolutions in coordinate space (six convolutions,
more precisely; see e.g. Eq. (5.3)), which, besides the emission kernels, also involve S-matrices for the
elastic scattering of colorless systems built with up to 6 partons. In principle, all these S-matrices can
be computed (including their high-energy evolution) by numerically solving the JIMWLK equation
[68–70], but this is tedious in practice for the multi-point correlations [71]. As already stressed, the
calculations simplify considerably in the multi-color limit Nc → ∞, where all the S-matrices reduce
to products of dipoles and quadrupoles (see e.g. Eq. (5.11)). Still, the evolution equation obeyed by
the quadrupole remains complicated even at large Nc [72] and has not yet been solved numerically.
A drastic simplification occurs only within the Gaussian approximation to the CGC weight function,
which allows for explicit, analytic, results for both the dipole and the quadrupole [15, 22, 73–75]. In that
case, the only remaining challenge is the numerical evaluation of the multiple transverse integrations.
Yet, the recent experience with multi-particle production in the CGC formalism demonstrates
that there are particular correlations and kinematical limits which are easier to compute, while also
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being interesting for the phenomenology. In particular, following previous studies in [15–17, 58, 60], it
would be interesting to consider the “correlation limit”, in which the sum of the transverse momenta
of the produced particles is much smaller than their individual momenta. This is necessarily the case
whenever the individual momenta are large compared to the saturation momentum in the nuclear
target. In that case the broadening of the three-particle distribution in the total transverse momentum
Q ≡ q1 + q2 + q3 around the collinear limit Q = 0 gives us a measure of the nuclear effects, that can
be studied via the gradient expansion of the original S-matrices. Such an expansion also permits to
make contact with Transverse Momentum-dependent Distributions (TMD) characterizing the gluon
distribution in the nucleus [15–17, 58, 60]. The calculations are expected to become more tractable for
symmetric configurations like the “Mercedes star” [58, 60]. We plan to perform similar investigations
in the future, on the basis of our current results.
Still in view of applications to the phenomenology, one should keep in mind that there are other
processes which contribute to the three-parton final states, already at leading order in pQCD — albeit
one can argue that the quark channel that was considered here gives the dominant contribution in
the forward kinematics of interest. Clearly, there is also a gluon channel, in which all the processes
are initiated by a gluon originally collinear with the proton. We have briefly considered this channel
in Sect. 3, but only in relation with the two-parton final states. The corresponding calculations for
a three-parton final state are similar to those for the quark channel, but the results should look even
more cumbersome, due to wave function graphs which involve two three-gluon (g → gg) vertices.
There are furthermore contributions associated with the independent scattering of several (two
or three) partons that were originally collinear with the incoming proton (see e.g. [76] for a recent
analysis). For instance, a qgg final state can also be produced if three collinear partons — a quark and
two gluons — scatter off the nucleus and thus emerge in the final state (with transverse momenta which
are necessarily comparable with the nuclear saturation momentum); the respective contribution to the
cross-section is proportional to a triple parton collinear distribution in the proton. Alternatively, the
same final state can be achieved if two collinear partons, a quark and a gluon, scatter off the nucleus
and one of them radiates a gluon in the final state; this channel involves a two-parton (quark-gluon)
collinear distribution. Such processes are formally of lower order in pQCD, as they involve less explicit
emission vertices, but on the other hand they are proportional to multi-parton collinear distributions,
which are suppressed when xp (the longitudinal fraction taken from the proton) is not that small.
Interestingly, such independent-scattering processes can also give access to final states, like qqq or qqg,
that cannot be reached if one starts with a single parton.
At this point, we should recall that yet another main motivation for computing three-parton
production is the calculation of the di-jet cross-section at NLO: by integrating out one (any) of the
three produced partons, one deduces one-loop, ‘real’, corrections to the impact factor for the production
of two partons (here, in the quark channel). Of course, the complete respective calculation must also
include ‘virtual’ corrections to the impact factor, i.e. one loop corrections to the quark LCWF itself.
This is another direction of research that we plan to pursue.
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A The light-cone QCD Hamiltonian
Our starting point is QCD Hamiltonian in light-cone gauge [63]. In light-cone coordinates, four-vectors
are xµ = (x+, x−, x), where x+ ≡ 1√
2
(
x0 + x3
)
and x− ≡ 1√
2
(
x0 − x3) stand for longitudinal,
while x = (x1, x2) for transverse components. In the light-cone gauge:
A+a ≡
1√
2
(
A0a +A
3
a
)
= 0. (A.1)
The QCD Hamiltonian is given by the following expression:
HLC QCD
=
∫
dx−d2x
(
1
2
Πa(x−, x) Πa(x−, x) +
1
4
F aij(x
−, x)F aij(x
−, x) + iψ¯γ+D+ψ
)
,
(A.2)
where the electric and magnetic pieces have the form:
Πa(x−, x) ≡ − 1
∂+
(Dabi ∂
+Abi − 2gψ†+taψ+),
F aij(x
−, x) ≡ ∂iAaj − ∂iAaj − gfabcAbiAcj .
(A.3)
ψ denotes Dirac’s 4-component quark spinor5, while ψ+ is a corresponding 2-component spinor build
from the two non vanishing components of the projected vector 12γ
0γ+ψ. After substitution of
Πa(x−, x) and F aij(x
−, x) in HLC QCD, the result can be written as HLC QCD = H0 + Hint, with
free Hamiltonian H0 given by:
H0 ≡
∫
dx− d2x
(
1
2
(∂iA
a
j )
2 + iψ†+
∂i∂i
∂+
ψ+
)
. (A.4)
The interaction Hamiltonian Hint reads
Hint ≡
∫
dx− d2x
(
−gfabcAbiAcj∂iAaj +
g2
4
fabcfadeAbiA
c
jA
d
iA
e
j
− gfabc(∂iAai )
1
∂+
(Abj∂
+Acj) +
g2
2
fabcfade
1
∂+
(Abi∂
+Aci )
1
∂+
(Adj∂
+Aej) (A.5)
+ 2g2fabc
1
∂+
(Abi∂
+Aci )
1
∂+
(ψ†+t
aψ+) + 2g
2 1
∂+
(ψ†+t
aψ+)
1
∂+
(ψ†+t
aψ+)
− 2g(∂iAai )
1
∂+
(ψ†+t
aψ+) − gψ†+ta(σi∂i)
1
∂+
(σjA
a
jψ+)− gψ†+taσiAai
1
∂+
(σj∂jψ+)
− ig2ψ†+tatbσiAai
1
∂+
(σjA
b
jψ+)
)
.
σi are Pauli matrices, the matrices ta denote the SU(Nc) gauge group generators in fundamental
representation (the gauge group generators in adjoint representation will be denoted by T a), which
obey the algebra
[
ta, tb
]
= ifabctc, where fabc are structure constants of the gauge group.
5The flavour index is suppressed in this section.
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B Field quantization
Quantisation of the fields is performed in usual manner introducing creation/annihilation operators
and imposing commutation (anti-commutation) relations among them. For the gauge fields we can use
the following expansion:
Aai (x) =
∫ ∞
0
dk+
2pi
∫
d2k
(2pi)2
1√
2k+
(
aai (k
+,k)e−ik·x + aa†i (k
+,k)eik·x
)
. (B.1)
The creation and annihilation operators obey the bosonic algebra:[
aai (k
+,k), ab†j (p
+,p)
]
= (2pi)3δabδijδ(k
+ − p+)δ(2)(k − p). (B.2)
Transforming to coordinate space,
aai (k
+, k) =
∫
d2z e−ik·z aai (k
+, z) , (B.3)
the commutation relation becomes:[
aai (k
+,x), ab†j (p
+,y)
]
= 2piδabδijδ(k
+ − p+)δ(2)(x− y). (B.4)
The quark fields can be expanded by the following expression:
ψα+(x) = χλ
∫ ∞
0
dk+
2pi
∫
d2k
(2pi)2
1√
2
(
bαλ(k
+,k)e−ik·x + dα†λ (k
+,k)eik·x
)
. (B.5)
The polarisation vectors are:
χ+ 1
2
=
(
1
0
)
, χ− 1
2
=
(
0
1
)
, (B.6)
χλχ
†
λ = I, χ
†
λχλ = 2, χ
†
λ1
I χλ2 = δλ1λ2 , χ
†
λ1
σ3 χλ2 = 2λ1δλ1λ2 . (B.7)
The anti-commutation relations:{
bαλ1(k
+, k), bβ†λ2(p
+, p)
}
=
{
dαλ1(k
+, k), dβ†λ2(p
+, p)
}
= (2pi)3 δλ1λ2 δ
αβ δ(2)(k − p) δ(k+ − p+).
(B.8)
Transforming the fields to coordinate space a la (B.3):{
bαλ1(k
+, x), bβ†λ2(p
+, y)
}
=
{
dαλ1(k
+, x), dβ†λ2(p
+, y)
}
= 2pi δλ1λ2 δ
αβ δ(2)(x− y) δ(k+ − p+).
(B.9)
Inserting the field expansions (B.1) and (B.5) into (A.4), the free Hamiltonian becomes:
H0 =
∫ ∞
0
dk+
2pi
∫
d2k
(2pi)2
k2
2k+
(
aa†i (k
+,k) aai (k
+,k)
+ bα†λ (k
+, k) bαλ(k
+, k) − dαλ(k+, k) dα†λ (k+, k)
)
,
(B.10)
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from which the dispersion relation for free quarks and gluons is Ek = k
2
2k+
. The multi-parton bare
Fock states are obtained by acting with the relevant creation operators on the bare vacuum state. In
this paper, we use both the 3-momentum representation k = (k+,k) and the mixed representation
(k+,x), as obtained via the Fourier transform from transverse momenta to transverse coordinates. Let
us present here a few representative examples.
• The bare vacuum state |0〉. This state obeys the following conditions:
aai (q
+, q) |0〉 = bαλ(q+, q) |0〉 = dαλ(q+, q) |0〉 = 0. (B.11)
• The bare quark state. In momentum space, this state is constructed as∣∣qαλ (k+, k)〉 ≡ bα†λ (k+, k) |0〉 . (B.12)
It has a LC energy Eq(k) = k
2
2k+
and its scalar product is normalized as follows:〈
qβλ2(p
+, p)
∣∣qαλ1(k+, k)〉 = (2pi)3δαβ δλ1λ2 δ(2)(k − p) δ(k+ − p+). (B.13)
The mixed representation of the bare quark state is obtained as∣∣qαλ (k+, x)〉 ≡ ∫ d2k(2pi)2 e−ix·k ∣∣qαλ (k+, k)〉 = bα†λ (k+, x) |0〉 , (B.14)
and the dot product reads〈
qβλ2(p
+, y)
∣∣qαλ1(k+, x)〉 = 2pi δαβ δλ1λ2 δ(2)(x− y) δ(k+ − p+). (B.15)
• The bare quark-gluon state. In momentum space, this state reads∣∣qαλ (p+, p) gai (k+, k)〉 ≡ bα†λ (p+, p) aa†i (k+, k) |0〉 , (B.16)
and has an energy Eqg(k, p) = k
2
2k+
+ p
2
2p+
. The mixed representation of this state reads∣∣qαλ (p+, x) gai (k+, y)〉 ≡ ∫ d2p(2pi)2 d2k(2pi)2 e−ix·p−iy·k ∣∣qαλ (p+, p) gai (k+, k)〉 =
= bα†λ (p
+, x) aa†i (k
+, y) |0〉 . (B.17)
• A bare quark wavepacket. This is constructed as a linear superposition of the single bare
quark Fock states which is normalized to unity. For instance, in momentum space with p = (p+, p)
etc, the following wavepacket
|φαλ(p)〉 ≡
∫
d3k
(2pi)3
φp(k) |qαλ (k)〉 , (B.18)
where the (generally complex) function φp(k) is peaked around the central value p, is properly normal-
ized provided
2Nc
∫
d3k
(2pi)3
|φp(k)|2 = 1 =⇒ 〈φαλ(p) |φαλ(p)〉 = 1. (B.19)
This wavepacket represents a bare quark state with definite quantum numbers for color (α) and spin (λ),
but whose 3-momentum is specified only on the average (this is peaked around the 3-vector p) and hence
is localized in space (unlike the momentum eigenstate (B.12)). It is now easy to check that by using
the definition (3.3) for the bare quark number density operator, one obtains 〈φαλ(p)| Nˆq(k) |φαλ(p)〉 =
2Nc|φp(k)|2/(2pi)3. This in turn implies 〈φαλ(p)| nˆq |φαλ(p)〉 = 1, with nˆq ≡
∫
d3k Nˆq(k) the bare quark
number operator. This is indeed the expected result for a state containing exactly one bare quark.
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C Matrix elements for the trijet calculation
Not all the interaction terms in the Hamiltonian (A.5) enter to our calculation here. Let us list here
the interaction terms of the QCD Hamiltonian which are relevant for our calculation:
Hgqq ≡ −g
∫
dx− d2x
(
2(∂iA
a
i )
1
∂+
(ψ†+t
aψ+) + ψ
†
+t
a(σi∂i)
1
∂+
(σjA
a
jψ+)
+ψ†+t
a(σiA
a
i )
1
∂+
(σj∂jψ+)
)
,
(C.1)
Hggg ≡ −gfabc
∫
dx− d2x
(
(∂iA
a
j )A
b
iA
c
j + (∂iA
a
i )
1
∂+
(Abj∂
+Acj)
)
, (C.2)
Hqq−inst = 2g2
∫
dx− d2x
1
∂+
(ψ†+t
aψ+)
1
∂+
(ψ†+t
aψ+). (C.3)
Hqgg−inst ≡ −ig2
∫
dx− d2xψ†+t
atbσiσjA
a
i
1
∂+
(Abjψ+), (C.4)
Hggg−inst ≡ 2g2fabc
∫
dx− d2x
1
∂+
(Abi∂
+Aci )
1
∂+
(ψ†+t
aψ+), (C.5)
By inserting the field expansions (B.1) and (B.5) to the interaction terms defined by (C.1) - (C.4),
we can recast the last expressions and write them in terms of the creation and annihilation operators:
Hq→qg ≡
∫ ∞
0
dk+
2pi
dp+
2pi
dq+
∫
d2k
(2pi)2
d2p
(2pi)2
d2q
gtaαβ
2
√
2k+
Γiλ1λ2
×
[
aa†i (k
+,k) δ(3)(k + p− q) + aai (k+,k) δ(3)(k − p+ q)
]
bα†λ1(p
+,p) bβλ2(q
+, q),
(C.6)
Hg→qq¯ ≡
∫ ∞
0
dk+
2pi
dp+
2pi
dq+
∫
d2k
(2pi)2
d2p
(2pi)2
d2q
gtaαβ
2
√
2k+
Γiλ1λ2
× δ(3)(k − p− q) (bα†λ1(p+, p) d
β†
λ2
(q+, q) aai (k
+, k) + h.c.), (C.7)
with
Γiλ1λ2 ≡ χ†λ1
[
2ki
k+
− σ · p
p+
σi − σiσ · q
q+
]
χλ2 , (C.8)
Hg→gg =
∫ eδYΛ
Λ
dk+
2pi
dp+
2pi
dq+
∫
d2k
(2pi)2
d2p
(2pi)2
d2q
igfabc
2
√
2k+p+q+
×
[(
pi +
q+
p+ + q+
ki
)
aai (k)a
b†
j (p)a
c†
j (q)δ
(3)(−k + p+ q)
+
(
qi + pi − p
+ + q+
q+ − p+k
i
)
aa†i (k)a
b†
j (p)a
c
j(q)δ
(3)(k + p− q) + h.c.
] (C.9)
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In additional, for the instantaneous parts:
Hq→qqq¯ = g2taβαt
a
δγ
∫ ∞
0
ds+
2pi
dq+
2pi
dk+
2pi
dp+
∫
d2s
(2pi)2
d2q
(2pi)2
d2k
(2pi)2
d2p
δ(k − p+ q + s)
(q+ + s+)2
× χ†λ4 χλ3 χ
†
λ2
χλ1b
δ†
λ4
(s+, s) dγ†λ3(q
+, q) bβ†λ2(k
+,k) bαλ1(p
+,p).
(C.10)
Hqq→qgg ≡ ig2fabctaαβ
∫ ∞
0
ds+
2pi
dt+
2pi
dk+
2pi
dp+
∫
d2s
(2pi)2
d2t
(2pi)2
d2k
(2pi)2
d2p
t+
2
√
t+s+(s+ + t+)2
× χ†λ1 χλ2 a
b†
i (s
+, s) ac†i (t
+, t) bα†λ1(k
+,k) bβλ2(p
+,p) δ(s+ t+ k − p),
(C.11)
Hgq→qgg ≡ g2χ†λ1σiσjχλ2
∫ ∞
0
ds+
2pi
dk+
2pi
dp+
2pi
dq+
∫
d2s
(2pi)2
d2k
(2pi)2
d2p
(2pi)2
d2q
× t
a
αβt
b
βγ
4
√
q+k+(q+ + s+)
bα†λ1(s
+, s) bγλ2(p
+,p) aa†i (q
+, q) ab†j (k
+,k) δ(q + s+ k − p).
(C.12)
Based on the above expressions, (C.6) − (C.12), we write down all the matrix elements that are
relevant for the forward NLO trijet cross section calculation.
• Emission of a gluon from the quark state
〈
qβλ2(p) g
a
i (k) |Hq→qg| qαλ1(q)
〉
=
gtaαβ
2
√
2k+
χ†λ1
[
2ki
k+
− σ · p
p+
σi − σiσ · q
q+
]
χλ2(2pi)
3δ(3)(k − p− q).
(C.13)
• Emission of a second gluon from the quark state〈
qβλ2(u) g
b
j(t) g
c
l (p) |Hq→qg| qαλ1(s) gai (k)
〉
=
gtcβαδ
abδij
2
√
2p+
χ†λ2
[
2pl
p+
− σ · u
u+
σl − σlσ · s
s+
]
χλ1(2pi)
6δ(3)(k − t)δ(3)(s− u− p)
+
gtbβαδ
acδil
2
√
2t+
χ†λ2
[
2tj
t+
− σ · u
u+
σj − σj σ · s
s+
]
χλ1(2pi)
6δ(3)(k − p)δ(3)(s− u− t).
(C.14)
• Gluon splits into quark and antiquark pair〈
q¯λ4(u) q
δ
λ3(t) q
γ
λ2
(p) |Hg→qq| qβλ1(s) gai (k)
〉
=
gtaγδ
βδδλ1λ3
2
√
2k+
χ†λ2
[
2ki
k+
− σ · p
p+
σi − σiσ · u
u+
]
χλ4(2pi)
6δ(3)(s− t)δ(3)(k − p− u)
+
gtaδδ
βγδλ1λ2
2
√
2k+
χ†λ3
[
2ki
k+
− σ · t
t+
σi − σiσ · u
u+
]
χλ4(2pi)
6δ(3)(s− p)δ(3)(k − t− u).
(C.15)
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• Triple gluon interaction in presence of a quark〈
qβλ2(t) g
c
l (q) g
b
n(p) |Hg→gg| qαλ1(s) gam(k)
〉
=
igfabcδαβδλ1λ2
2
√
2k+p+q+
(2pi)6δ(3)(s− t)δ(3)(k − p− q)
×
[(
pm − qm + q
+ − p+
k+
km
)
δnl +
(
kn + qn − k
+ + q+
p+
pn
)
δml (C.16)
+
(
k+ + p+
q+
ql − pl − kl
)
δmn
]
.
• Quark produces quark and antiquark pair instantaneously
〈
qβλ2(k) q¯
γ
λ3
(q) qδλ4(s) |Hq→qqq| qαλ1(p)
〉
=
g2taβαt
a
δγ
(q+ + s+)2
χ†λ4 χλ3 χ
†
λ2
χλ1(2pi)
3δ(k − p+ q + s). (C.17)
• Instantaneous emission of a two gluons from the quark state (gluon channel)〈
qγλ2(u) g
b
j(t) g
c
l (p)
∣∣Hqq→qgg∣∣ qαλ1(s)〉
=
g2√
t+p+
(
tbγβt
c
βα
s+ − p+χ
†
λ2
σjσlχλ1 +
tcγβt
b
βα
s+ − t+χ
†
λ2
σlσjχλ1
)
(2pi)3δ(t+ p+ u− s).
(C.18)
• Instantaneous emission of two gluons from the quark state (quark channel)
〈
qβλ2(s) g
c
j(p) g
b
i (k)
∣∣Hgq→qgg∣∣ qαλ1(q)〉 = ig2fabctaβα(p+ − k+)2√k+p+(k+ + p+)2 χ†λ2χλ1(2pi)3δijδ(k + p+ s− q). (C.19)
• Gluon splits into quark and antiquark pair〈
qβλ2(q) q
α
λ1(p) |Hg→qq| gai (k)
〉
=
gtaαβ
2
√
2k+
χ†λ1
[
2ki
k+
− σ · p
p+
σi − σiσ · q
q+
]
χλ2(2pi)
3δ(3)(k − p− q). (C.20)
• Triple gluon interaction〈
gcl (q) g
b
n(p) |Hg→gg| gam(k)
〉
=
igfabc
2
√
2k+p+q+
[(
pm − qm + q
+ − p+
k+
km
)
δnl
+
(
kn + qn − k
+ + q+
p+
pn
)
δml +
(
k+ + p+
q+
ql − pl − kl
)
δmn
]
(2pi)3δ(3)(k − p− q). (C.21)
In addition, we present here two additional matrix elements that will be needed for the computation
in this paper:
• Measuring a quark and a gluon
〈
qβλ2((1− ϑ¯)q+, x¯) gbj(ϑ¯q+, z¯)
∣∣∣ Nˆq(p) Nˆg(k) ∣∣qαλ1((1− ϑ)q+, x) gai (ϑq+, z)〉 = eik·(x¯−x)+ip·(z¯−z)(2pi)2
× δλ1λ2 δαβ δij δab δ(k+ − (1− ϑ¯)q+) δ(k+ − (1− ϑ)q+) δ(p+ − ϑ¯q+) δ(p+ − ϑq+).
(C.22)
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• Measuring a quark and an antiquark〈
qδλ4((1− ϑ)q+, z′) qγλ3(ϑq+, z)
∣∣∣ Nˆq(p) Nˆq¯(k) ∣∣∣qβλ2((1− ϑ)q+, z′) qαλ1(ϑq+, z)〉 = eik·(z′−z′)+ip·(z¯−z)(2pi)2
× δλ2λ4 δβδ δλ1λ3 δαγ δ(k+ − (1− ϑ¯)q+) δ(k+ − (1− ϑ)q+) δ(p+ − ϑ¯q+) δ(p+ − ϑq+).
(C.23)
• Measuring two gluons〈
gdn((1− ϑ¯)q+, z¯′) gcm(ϑ¯q+, z¯)
∣∣∣ Nˆg(p) Nˆg(k) ∣∣∣gbj((1− ϑ)q+, z′) gai (ϑq+, z)〉
=
eik·z¯′+ip·z¯
(2pi)2
δ(k+ − (1− ϑ¯)q+) δ(p+ − ϑ¯q+)
(
e−ik·z
′−ip·z δmi δac δnj δbd δ(k+ − (1− ϑ)q+)
× δ(p+ − ϑq+) + e−ik·z−ip·z′ δin δad δjm δbc δ(p+ − (1− ϑ)q+) δ(k+ − ϑq+)
)
+
(
k+ ↔ p+; k↔ p) .
(C.24)
• Measuring two quarks and an antiquark〈
qδλ4
(
Dq+, y
)
qζλ5
(
Eq+, z
)
qηλ6
(
Fq+, z′
)∣∣∣ Nˆq(s) Nˆq(t) Nˆq(u) ∣∣∣qαλ1 (Aq+, x) qβλ2 (Bq+, z)
qγλ3
(
Cq+, z′
)〉
=
e−iu·(x−y)
(2pi)3
δδα δλ4λ1 δ(u
+ −Aq+) δ(u+ −Dq+)
×
(
δζβ δηγ δλ5λ2 δλ6λ3 δ(s
+ − Cq+) δ(s+ − Fq+) δ(t+ −Bq+) δ(t+ − Eq+) e−is·(z′−z¯′)−it·(z−z¯)
+ δηβ δζγ δλ6λ2 δλ5λ3 δ(s
+ − Cq+) δ(s+ − Eq+) δ(t+ −Bq+) δ(t+ − Fq+) e−is·(z′−z¯)−it·(z−z′)
)
+
(
s+ ↔ t+; s↔ t) .
(C.25)
• Measuring quark and two gluons〈
qβλ2
(
Dq+, y
)
gdk
(
Eq+, z
)
gel
(
Fq+, z′
)∣∣∣ Nˆg(s) Nˆg(t) Nˆq(u) ∣∣∣qαλ1 (Aq+, x) gbi (Bq+, z)
gcj
(
Cq+, z′
)〉
=
e−iu·(x−y)
(2pi)3
δβα δλ2λ1 δ(u
+ −Aq+) δ(u+ −Dq+)
×
(
δdb δki δ
ec δlj δ(s
+ − Eq+) δ(s+ −Bq+) δ(t+ − Fq+) δ(t+ − Cq+) e−is·(z′−z′)−it·(z−z¯)
+ δdc δkj δ
eb δli δ(s
+ − Eq+) δ(s+ − Cq+) δ(t+ − Fq+) δ(t+ −Bq+) e−is·(z′−z¯)−it·(z−z¯′)
)
+
(
s+ ↔ t+; s↔ t) .
(C.26)
D Fourier transforms
Here we present a list of the integrals necessary to perform the Fourier transformations during the
computations.
1
(2pi)3
∫
dx− d2x ei(k−p)·x = δ(3)(k − p). (D.1)
1
(2pi)2
∫
d2p eip·(x−y) = δ(2)(x− y). (D.2)
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∫
d2k
2pi
ki
k2
eik·X =
iXi
X2
. (D.3)
∫
d2k
2pi
d2p
2pi
1
ak2 + p2
eik·X+ip·Z =
1
X2 + aZ2
. (D.4)
∫
d2k
2pi
d2p
2pi
kipj
k2 (ak2 + bp2)
eik·X+ip·Z = − X
iZj
Z2 (bX2 + aZ2)
. (D.5)
E The gluon wave function at leading order
At leading order the gluon LCWF has following form (see also Fig. 28):∣∣gai (q+, q)〉LO ≡ UI(0, −∞)LO ∣∣gai (q+, q)〉 = ZLO ∣∣gai (q+, q)〉 + ∣∣gai (q+, q)〉qq + ∣∣gai (q+, q)〉gg ,
(E.1)
where ZLO takes into account the contribution to the normalization of the wave-function (not shown
explicitly in this paper), and the following definitions are used:
|gai (q)〉qq¯ ≡ −
∫ ∞
0
dk+
2pi
ds+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
1
∆(q; k, s)
∣∣∣q¯βλ2(s) qαλ1(k)〉〈q¯βλ2(s) qαλ1(k) |Hgqq| gai (q)〉 ,
(E.2)
|gai (q)〉gg ≡ −
1
2
∫ ∞
0
dk+
2pi
ds+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
1
∆(q; k, s)
∣∣∣gcl (s) gbj(k)〉〈gcl (s) gbj(k) |Hggg| gai (q)〉 .
(E.3)
Figure 28. The two-parton contributions to the LO gluon LCWF: (a) gluon splitting into a quark-antiquark
pair, cf. Eq. (E.2); (b) gluon splitting into two gluons, cf. Eq. (E.3).
The various definitions of the states involved in the above expressions are shown in App. B. After
inserting the matrix element (C.20):
|gai (q)〉qq¯ = −
∫ ∞
0
dk+
2pi
ds+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
1
∆(q; k, s)
× gt
a
αβ
2
√
2q+
χ†λ1
[
2qi
q+
− σ · k
k+
σi − σiσ · s
s+
]
χλ2(2pi)
3δ(3)(q − k − s)
∣∣∣q¯βλ2(s) qαλ1(k)〉 . (E.4)
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After adopting the variables in (3.10), the last result becomes:∣∣gai (q+, q)〉qq¯
= −
∫ 1
0
dϑ
∫
d2k
gtaαβϕ
ij
λ2λ1
(ϑ)
√
q+ k˜j
8
√
2pi3k˜2
∣∣∣q¯βλ2((1− ϑ)q+, (1− ϑ)q − k˜) qαλ1(ϑq+, ϑq + k˜)〉 . (E.5)
After Fourier transformation with the aid of (D.3), one finds
∣∣gai (q+, w)〉qq¯ = ∫
z,z′
∫ 1
0
dϑ
igtaαβϕ
ij
λ2λ1
(ϑ)
√
q+Zj
4
√
2pi2Z2
δ(2)(w − (1− ϑ)z′ − ϑz)
×
∣∣∣q¯βλ2((1− ϑ)q+, z′) qαλ1(ϑq+, z)〉 .
(E.6)
Consider now the state (E.3): by inserting the matrix element (C.21), one can deduce
|gai (q)〉gg = −
1
2
∫ ∞
0
ds+
2pi
dk+
2pi
∫
d2s
(2pi)2
d2k
(2pi)2
igfabc(2pi)3δ(q − k − s)
2
√
2q+s+k+ ∆(q; s, k)
[(
ki − si + s
+ − k+
q+
qi
)
δjl
+
(
qj + sj − q
+ + s+
k+
kj
)
δil +
(
q+ + k+
s+
sl − kl − ql
)
δij
] ∣∣∣gcl (s) gbj(k)〉 , (E.7)
which takes a simpler form in terms of the variables introduced in Eq. (3.10):∣∣gai (q+, q)〉gg = −∫ 1
0
dϑ
∫
d2k˜
igfabc
√
ϑ(1− ϑ)q+
8
√
2pi3k˜2
(
k˜iδjl − 1
1− ϑ k˜
jδil − 1
ϑ
k˜lδij
)
×
∣∣∣gcl ((1− ϑ)q+, (1− ϑ)q − k˜) gbj (ϑq+, ϑq + k˜)〉 . (E.8)
After Fourier transformation with the aid of (D.3), this gives∣∣gai (q+, w)〉gg = ∫
z,z′
∫ 1
0
dϑ
igfabc
√
ϑ(1− ϑ)q+
4
√
2pi2Z2
(
Ziδjl − 1
1− ϑZ
jδil − 1
ϑ
Z lδij
)
× δ(2)(w − (1− ϑ)z′ − ϑz)
∣∣∣gcl ((1− ϑ)q+, z′) gbj (ϑq+, z)〉 . (E.9)
F The three-parton components of the quark LCWF
In this Appendix we present an explicit construction of the three-parton Fock components of the quark
LCWF at time 0− (i.e. just before to scattering). The respective two-parton (quark-gluon) component
has been already constructed in Sect. 3.2 (see notably Eqs. (3.15) and (3.17) there). We start with the
general formula (cf. the first line in Eq. (2.12))
|q〉
NLO
≡ UI(0, −∞)|NLO
∣∣qαλ (q+, q)〉 = ZNLO |q〉 − |i〉 〈i |Hint| q〉Ei − Eq + |j〉 〈j |Hint| i〉 〈i |Hint| q〉(Ej − Eq) (Ei − Eq) . (F.1)
As announced, we shall display only those terms which count for the calculation of three parton
production in the final state. After introducing the subscripts qqq¯, qgg and qg to denote the particle
content of the various free eigenstates, it is possible to represent (F.1) by the following expression6:
|q〉
NLO
= ZNLO |q〉 + |q〉qg + |q〉regqqq¯ + |q〉instqqq¯ +
∑
i=1,2
|q〉reg, iqgg +
∑
i=1,2
|q〉inst, iqgg , (F.2)
6Note a slight abuse of notations: in Sect. 4 and notably in Eqs. (4.1)–(4.6) we have used exactly the same notations,
e.g. |q〉regqqq¯ , to denote the three-parton Fock-space components of the outgoing quark state, including the scattering with
the shockwave; in the present Appendix though, they systematically refer to the LCWF before the scattering.
– 48 –
where |q〉qg is defined in eq. (3.15), and the three-parton Fock space components are defined as follows:
|q〉regqqq¯ ≡
|q q q¯〉 〈q q q¯ |Hgqq| q g〉 〈q g |Hgqq| q〉
2(Eqqq¯ − Eq) (Eqg − Eq) , (F.3)
|q〉instqqq¯ ≡ −
|q q q¯〉 〈q q¯ q |Hqq−inst| q〉
2(Eqqq¯ − Eq) , (F.4)
|q〉reg, 1qgg ≡
|q g g〉 〈q g g |Hgqq| q g〉 〈q g |Hgqq| q〉
2(Eqgg − Eq) (Eqg − Eq) , (F.5)
|q〉inst, 1qgg ≡ −
|q g g〉
〈
q g g
∣∣∣Hqgg−inst∣∣∣ q〉
2(Eqgg − Eq) , (F.6)
|q〉reg, 2qgg ≡
|q g g〉 〈q g g |Hggg| q g〉 〈q g |Hgqq| q〉
2(Eqgg − Eq) (Eqg − Eq) , (F.7)
|q〉inst, 2qgg ≡ −
|q g g〉
〈
q g g
∣∣∣Hggg−inst∣∣∣ q〉
2(Eqgg − Eq) . (F.8)
The additional 12 in each of the states defined above is required from the rules of perturbation theory
to divide by n! whenever n particles are involved in the intermediate or final state.
In this Appendix we will compute explicitly the states (F.3)–(F.8), by using the results for the
matrix elements from appendix C. A similar calculation has been done in [61], but the results pre-
sented there do not include all the states appearing in Eqs. (F.3)–(F.8). (The states involving the
instantaneous interaction vertices are not explicitly shown in [61].) The calculations will be performed
in transverse momentum space but the results will be Fourier transformed to the transverse coordinate
space with the help of mathematical identities collected in appendix D.
F.1 The qqq component
We start our calculation with the Fock states involving 3 quarks, as defined in Eqs. (F.3) and (F.4).
The corresponding graphs are exhibited in Fig. 29.
• Computation of |qαλ 〉regqqq¯
Using the transverse-momentum representation, the contribution of the diagram in Fig. 29.a can be
explicitly written as
∣∣qαλ (q+, q)〉regqqq¯
=
1
2
∫ ∞
0
ds+
2pi
dk+
2pi
du+
2pi
dt+
2pi
dp+
2pi
∫
d2s
(2pi)2
d2k
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
d2p
(2pi)2
∣∣∣q¯λ4(u) qδλ3(t) qγλ2(p)〉
× 1
∆(q; s, k) ∆(q; u, t, p)
〈
q¯λ4(u) q
δ
λ3(t) q
γ
λ2
(p) |Hg→qq| qβλ1(s) gai (k)
〉〈
qβλ1(s) g
a
i (k) |Hq→qg| qαλ (q)
〉
.
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Figure 29. Feynman graphs for the emission of a quark-antiquark pair. Fig. (a) involves a genuine (propagating)
intermediate gluon and corresponds to |qαλ 〉regqqq¯ , cf. Eq. (F.3). Fig. (b) involves an instantaneous gluon exchange,
graphically represented as a “cut” gluon line; it corresponds to |qαλ 〉instqqq¯ , cf. Eq. (F.4).
(F.9)
where the energy denominator is defined by:
∆(q; u, p, t) ≡ u
2
2u+
+
p2
2p+
+
t2
2t+
− q
2
2q+
. (F.10)
After inserting the relevant matrix elements, cf. (C.20), one obtains∣∣qαλ (q+, q)〉regqqq¯
=
1
2
∫ ∞
0
ds+
2pi
dk+
2pi
du+
2pi
dt+
2pi
dp+
2pi
∫
d2s
(2pi)2
d2k
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
d2p
(2pi)2
1
∆(q; s, k) ∆(q; u, t, p)
×
(
gtaγδ
βδδλ1λ3
2
√
2k+
χ†λ2
[
2ki
k+
− σ · p
p+
σi − σiσ · u
u+
]
χλ4(2pi)
6δ(3)(s− t)δ(3)(k − p− u)
+
gtaδδ
βγδλ1λ2
2
√
2k+
χ†λ3
[
2ki
k+
− σ · t
t+
σi − σiσ · u
u+
]
χλ4(2pi)
6δ(3)(s− p)δ(3)(k − t− u)
)
× gt
a
βα
2
√
2k+
χ†λ1
[
2ki
k+
− σ · s
s+
σi − σiσ · q
q+
]
χλ(2pi)
3δ(3)(k + s− q)
∣∣∣q¯λ4(u) qδλ3(t) qγλ2(p)〉 .
(F.11)
After using the 3 δ-functions to perform the integrations over s, t, and u, one deduces∣∣qαλ (q+, q)〉regqqq¯ = ∫ q+
0
dk+ dp+
∫
d2k d2p
g2taδt
a
βα
8(2pi)6k+∆(q; k, q − k) ∆(q; k − p, p, q − k)
×
(
χ†λ2
[
2ki
k+
− σ · p
p+
σi − σiσ · (k − p)
k+ − p+
]
χλ3
)(
χ†λ1
[
2ki
k+
− σ · (q − k)
q+ − k+ σ
i − σiσ · q
q+
]
χλ
)
×
∣∣∣q¯λ3(k − p) qδλ2(p) qβλ1(q − k)〉 .
(F.12)
By introducing new variables according to
ϑ ≡ k
+
q+
, ξ ≡ p
+
k+
, k = ϑq + k˜, p = ξk + p˜ = ξϑq + ξk˜ + p˜, (F.13)
one can easily check that
2ki
k+
− σ · p
p+
σi − σiσ · (k − p)
k+ − p+ =
(2ξ − 1)δij + iεijσ3
ξ(1− ξ)ϑq+ p˜
j , (F.14)
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whereas the energy denominator (F.10) simplifies to
∆(q; k − p, p, q − k) = (k − p)
2
2(k+ − p+) +
p2
2p+
+
(q − k)2
2(q+ − k+) −
q2
2q+
=
ξ(1− ξ)k˜2 + (1− ϑ)p˜2
2ξ(1− ξ)ϑ(1− ϑ)q+ .
(F.15)
Putting together the previous results, Eq. (F.12) takes the form:
∣∣qαλ (q+, q)〉regqqq¯ ≡ ∫ 1
0
dϑ dξ
∫
d2k˜ d2p˜
g2taδt
a
βαϕ
il
λ2λ3
(ξ)φijλ1λ(ϑ) p˜
l k˜j (1− ϑ)q+
2(2pi)6k˜2
(
ξ(1− ξ)k˜2 + (1− ϑ)p˜2
)
×
∣∣∣q¯λ3((1− ξ)ϑq+, ϑ(1− ξ)q + (1− ξ)k˜ − p˜) qδλ2(ξϑq+, ξϑq + ξk˜ + p˜)
qβλ1((1− ϑ)q+, (1− ϑ)q − k˜)
〉
,
(F.16)
where we introduced the new notation
ϕijλ2λ1(ξ) ≡ χ
†
λ2
[
(2ξ − 1)δij + iεijσ3]χλ1 = δλ1λ2 [(2ξ − 1)δij + 2iεijλ1] . (F.17)
The following identity will also be useful:
ϕij†λ1λ(ξ)ϕ
ik
λ1λ(ξ) = χ
†
λ
[
(2ξ − 1)δij − iεijσ3] I [(2ξ − 1)δik + iεikσ3]χλ
= 2δjk
[
1 + (1− 2ξ)2] . (F.18)
The Fourier transform to coordinate space, q → w, can now be easily computed with the help of
Eq. (D.5). One finds
∣∣qαλ (q+, w)〉regqqq¯ = −∫ 1
0
dϑ dξ
∫
x,z,z′
g2taδt
a
βαϕ
il
λ2λ3
(ξ)φijλ1λ(ϑ)Z
l
(
Xj + ξZj
)
(1− ϑ)q+
2(2pi)4Z2
(
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2
)
× δ(2) (w −C)
∣∣∣q¯λ3((1− ξ)ϑq+, z) qδλ2(ξϑq+, z′) qβλ1((1− ϑ)q+,x)〉 .
(F.19)
with Z ≡ z−z′ and the 2-dimensional δ-function ensures that transverse coordinate w of the incoming
quark coincides, as it should, with the centre of energy of the three-fermion system in the final state:
C ≡ (1− ϑ)x + ξϑz′ + (1− ξ)ϑz. (F.20)
• Computation of |qαλ 〉instqqq¯
The contribution of the diagram with an instantaneous gluon exchange to the three-quark Fock com-
ponent can be evaluated as (see Fig. 29.b)
|qαλ 〉instqqq¯ = −
1
2
∫ ∞
0
dp+
2pi
du+
2pi
dt+
2pi
∫
d2p
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
× 1
∆(q; t, p, u)
∣∣∣qλ3(t) qδλ2(p) qβλ1(u)〉〈qλ3(t) qδλ2(p) qβλ1(u) |Hqq−inst| qαλ (q)〉 . (F.21)
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Figure 30. The diagrams for two gluons emissions by the initial quark. The fermion propagator with a cut
represents an instantaneous quark exchange. Fig. (a) corresponds to the state |qαλ 〉reg, 1qgg , cf. Eq. (F.5), while
Fig. (b) to |qαλ 〉inst, 1qgg , cf. Eq. (F.6).
After inserting the matrix element (C.17) and changing variables according to (F.13), one finds
|qαλ 〉instqqq¯ = −
∫ 1
0
dϑ dξ
∫
d2k˜ d2p˜
g2taδt
a
βα (1− ϑ)ξ(1− ξ)q+
(2pi)6
(
ξ(1− ξ)k˜2 + (1− ϑ)p˜2
) δλ3λ2 δλ1λ
×
∣∣∣q¯λ3((1− ξ)ϑq+, ϑ(1− ξ)q + (1− ξ)k˜ − p˜) qδλ2(ξϑq+, ξϑq + ξk˜ + p˜)
qβλ1((1− ϑ)q+, (1− ϑ)q − k˜)
〉 (F.22)
One can now perform the Fourier transform to coordinate space using (D.4), to find
|qαλ 〉instqqq¯ ≡ −
∫ 1
0
dϑ dξ
∫
x,z,z′
g2taδt
a
βα (1− ϑ)ξ(1− ξ)q+
(2pi)4
(
ξ(1− ξ)Z2 + (1− ϑ) (X + ξZ)2
)
× δ(2) (w −C)
∣∣∣q¯λ1((1− ξ)ϑq+, z) qδλ1(ξϑq+, z′) qβλ((1− ϑ)q+,x)〉 ,
(F.23)
with C as defined in Eq. (F.20).
F.2 The qgg component
We now turn to the four Fock space components which involve a gluon pair in the final state, together
with the incoming quark.
• Computation of |qαλ 〉reg, 1qgg
This state is defined in (F.5) and represented by the diagram in Fig. 30.a, which is computed as
|qαλ 〉reg, 1qgg ≡
1
2
∫ ∞
0
dk+
2pi
ds+
2pi
dp+
2pi
du+
2pi
dt+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
d2p
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
∣∣∣qγλ2(u) gbj(t) gcl (p)〉
× 1
∆(q; k, s) ∆(q; p, t, u)
〈
qγλ2(u) g
b
j(t) g
c
l (p) |Hq→qg| qβλ1(s) gai (k)
〉〈
qβλ1(s) g
a
i (k) |Hq→qg| qαλ (q)
〉
,
(F.24)
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where the overall factor 12 is to avoid the double-counting of the two-gluon states. After inserting the
matrix elements in Eqs. (C.13) and (C.14), one obtains
|qαλ 〉reg, 1qgg =
1
2
∫ ∞
0
dk+
2pi
ds+
2pi
dp+
2pi
du+
2pi
dt+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
d2p
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
1
∆(q; k, s) ∆(q; t, p, u)
×
(
gtbγβ
2
√
2t+
χ†λ2
[
2tj
t+
− σ · u
u+
σj − σj σ · s
s+
]
χλ1(2pi)
6δ(3)(u+ t− s)δacδilδ(3)(k − p) (F.25)
+
gtcγβ
2
√
2p+
χ†λ2
[
2pl
p+
− σ · u
u+
σl − σlσ · s
s+
]
χλ1(2pi)
6δ(3)(u+ p− s)δabδijδ(3)(k − t)
)
×
(
gtaβα
2
√
2k+
χ†λ1
[
2ki
k+
− σ · s
s+
σi − σiσ · q
q+
]
χλ(2pi)
3δ(3)(k + s− q)
) ∣∣∣qγλ2(u) gbj(t) gcl (p)〉 .
Integrating over s, u and t yields
|qαλ 〉reg, 1qgg =
∫ q+
0
dk+ dp+
∫
d2k d2p
g2tbγβt
a
βα
8(2pi)6
√
k+p+ ∆(q; k, q − k) ∆(q; k, p, q − p− k)
× χ†λ2
[
2pj
p+
− σ · (q − k − p)
q+ − k+ − p+ σ
j − σj σ · (q − k)
q+ − k+
]
χλ1 χ
†
λ1
[
2ki
k+
− σ · (q − k)
q+ − k+ σ
i − σiσ · q
q+
]
× χλ
∣∣∣qγλ2(q − p− k) gbj(p) gai (k)〉 .
(F.26)
At this point we introduce “better” variables,
ϑ ≡ k
+
q+
, ξ ≡ p
+
q+ − k+ , k = ϑq + k˜, p = ξ(q − k) + p˜ = ξ(1− ϑ)q − ξk˜+ p˜, (F.27)
in terms of which the energy denominators take relatively simple forms, that is, Eq. (3.14) for ∆(q; k, q−
k) and respectively
∆(q; k, p, q − k − p) = k
2
2k+
+
p2
2p+
+
(q − k − p)2
2(q+ − k+ − p+) −
q2
2q+
=
ϑp˜2 + ξ(1− ξ)k˜2
2ξ(1− ξ)ϑ(1− ϑ)q+ . (F.28)
Then, the r.h.s. of Eq. (F.26) becomes:
|qαλ 〉reg, 1qgg =
∫ 1
0
dξ dϑ
∫
d2k˜ d2p˜
g2tbγβt
a
βα φ
jm
λ2λ1
(ξ)φilλ1λ(ϑ) k˜
l p˜m
√
1− ϑ q+
2(2pi)6
√
ξ k˜2
(
ϑp˜2 + ξ(1− ξ)k˜2
)
×
∣∣∣qγλ2 ((1− ξ)(1− ϑ)q+, (1− ξ)(1− ϑ)q − (1− ξ)k˜ − p˜)
gbj
(
ξ(1− ϑ)q+, ξ(1− ϑ)q − ξk˜ + p˜
)
gai
(
ϑq+, ϑq + k˜
)〉
.
(F.29)
After a Fourier transformation with the help of Eq. (D.5), we finally deduce
|qαλ 〉reg, 1qgg ≡
∫
x,z,z′
∫ 1
0
dξ dϑ
g2tbγβt
a
βα φ
jm
λ2λ1
(ξ)φilλ1λ(ϑ) (ξX −X′)
l Xm
√
(1− ϑ)q+
2(2pi)4
√
ξX2
(
ϑ (ξX −X′)2 + ξ(1− ξ)X2
)
× δ(2) (w −D)
∣∣∣qγλ2((1− ξ)(1− ϑ)q+, x) gbj(ξ(1− ϑ)q+, z) gai (ϑq+, z′)〉 .
(F.30)
where D is the centre of energy of the three-parton final state:
D ≡ (1− ξ)(1− ϑ)x + ξ(1− ϑ)z + ϑz′. (F.31)
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Figure 31. Two-gluon production with an intermediate gluon state, corresponding to the two states defined in
Eq. (F.7) and Eq. (F.8), respectively.
• Computation of |qαλ 〉inst, 1qgg
This state, which is defined in Eq. (F.6), involves the instantaneous quark interaction, cf. Fig. 30.b,
and reads:
|qαλ 〉inst, 1qgg ≡ −
1
2
∫ ∞
0
dp+
2pi
dt+
2pi
du+
2pi
∫
d2p
(2pi)2
d2t
(2pi)2
d2u
(2pi)2
1
∆(q; p, t, u)
×
∣∣∣qγλ1(u) gbj(t) gci (p)〉〈qγλ1(u) gbj(t) gci (p) ∣∣Hinst qq→qgg∣∣ qαλ (q)〉 . (F.32)
After inserting the matrix element (C.18) and using the symmetry between the 2 variables t and p,
one finds
|qαλ 〉inst, 1qgg = −
∫ q+
0
dp+
2pi
dt+
2pi
du+
2pi
∫
d2p
(2pi)2
d2t
(2pi)2
d2u
(2pi)2
g2(2pi)3δ(p+ t+ u− q)√
ξϑ(1− ϑ)∆(p, t, u)
× t
b
γβt
a
βα
1− ϑ χ
†
λ1
σj σi χλ
∣∣∣qγλ1(u) gbj(t) gai (p)〉 .
(F.33)
In terms of the variables introduced in Eq. (F.27), one can write
|qαλ 〉inst, 1qgg = −
∫ 1
0
dξ dϑ
∫
d2k˜ d2p˜
2g2tbγβt
a
βα
√
ξϑ(1− ξ)χ†λ1
(
δij − iεijσ3)χλq+
(2pi)6
√
(1− ϑ)
(
ϑp˜2 + ξ(1− ξ)k˜2
)
×
∣∣∣qγλ1((1− ξ)(1− ϑ)q+, (1− ξ)(1− ϑ)q + ξk˜ − p˜− k˜)
gbj(ξ(1− ϑ)q+, ξ(1− ϑ)q − ξk˜ + p˜) gai (ϑq+, ϑq + k˜)
〉
.
(F.34)
The Fourier transform to coordinate space finally yields (cf. Eqs. (D.4) and (F.31))
|qαλ 〉inst, 1qgg = −
∫
x,z,z′
∫ 1
0
dξ dϑ
2g2tbγβt
a
βα
√
ξϑ(1− ξ)χ†λ1
(
δij − iεijσ3)χλ q+
(2pi)4
√
1− ϑ
(
ϑ (ξX −X′)2 + ξ(1− ξ)X2
)
× δ(2) (w −D)
∣∣∣qγλ1((1− ξ)(1− ϑ)q+, x) gbj(ξ(1− ϑ)q+, z) gai (ϑq+, z′)〉 .
(F.35)
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• Computation of |qαλ 〉reg, 2qgg
This state is defined in (F.7) and associated with the diagram in Fig. 31.a. One has
|qαλ 〉reg, 2qgg
≡ 1
2
∫ ∞
0
dk+
2pi
ds+
2pi
dp+
2pi
dt+
2pi
du+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
d2p
(2pi)2
d2t
(2pi)2
d2u
(2pi)2
1
∆(q; p, t, u) ∆(q; k, s)
×
∣∣∣qγλ2(u) gbj(t) gcl (p)〉〈qγλ2(u) gbj(t) gcl (p) |Hg→gg| qβλ1(s) gai (k)〉〈qβλ1(s) gai (k) |Hq→qg| qαλ (q)〉 .
(F.36)
By inserting the relevant matrix elements, cf. Eqs. (C.13) and (C.16), one can deduce
|qαλ 〉reg, 2qgg =
1
2
∫ q+
0
dk+
2pi
ds+
2pi
dp+
2pi
du+
2pi
dt+
2pi
∫
d2k
(2pi)2
d2s
(2pi)2
d2p
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
× igf
abcδβγδλ1λ2
2
√
2k+p+t+∆(s, k) ∆(u, t, p)
(2pi)6δ(3)(s− u)δ(3)(k − p− t)
[(
ti − pi + p
+ − t+
k+
ki
)
δjl
+
(
kj + pj − k
+ + p+
t+
tj
)
δil +
(
k+ + t+
p+
pl − tl − kl
)
δij
]
×
(
gtaβα
2
√
2k+
χ†λ1
[
2ki
k+
− σ · s
s+
σi − σiσ · q
q+
]
χλ(2pi)
3δ(3)(k + s− q)
) ∣∣∣qγλ2(u) gbj(t) gcl (p)〉 .
(F.37)
The final result takes a simpler form in terms of the variables introduced in Eq. (F.13):
|qαλ 〉reg, 2qgg ≡
∫ 1
0
dξ dϑ
∫
d2k˜ d2p˜
ig2fabctaβαφ
im
λ1λ
(ϑ)k˜m (1− ϑ)2√ξ(1− ξ)q+
2(2pi)6
√
ϑ
(
ξ(1− ξ)k˜2 + (1− ϑ)p˜2
)
k˜2
×
(
p˜iδjl − 1
1− ξ p˜
jδil − 1
ξ
p˜lδij
) ∣∣∣qβλ1 ((1− ϑ)q+, (1− ϑ)q − k˜)
gbj
(
ϑ(1− ξ)q+, ϑ(1− ξ)q + (1− ξ)k˜ − p˜
)
gcl
(
ξϑq+, ϑξq + ξk˜ + p˜
)〉
.
(F.38)
Finally, the Fourier transform to coordinate space involves Eq. (D.5):
|qαλ 〉reg, 2qgg = −
∫
x,z,z′
∫ 1
0
dϑ dξ
ig2taβαf
abc
√
ξ(1− ξ)(1− ϑ)φimλ1λ(ϑ) q+
2(2pi)4
(
(1− ϑ) (X + ξZ)2 + ξ(1− ξ)Z2
)
Z2
× (Xm + ξZm)
(
Ziδjl − 1
ξ
Zjδil − 1
1− ξZ
lδij
)
δ(2) (w −C)
×
∣∣∣qαλ1 ((1− ϑ)q+, x) gbj (ϑξq+, z′) gcl (ϑ(1− ξ)q+, z)〉 .
(F.39)
We recall that the variable C was defined in Eq. (F.20) and it represents the centre of energy of the
final three partons in any of the two diagrams in Fig. 31.
• Computation of |qαλ 〉inst, 2qgg
This state is defined in (F.8) and corresponds to the diagram in Fig. 31.b. One can write
|qαλ 〉inst, 2qgg = −
1
2
∫ ∞
0
dp+
2pi
du+
2pi
dt+
2pi
∫
d2p
(2pi)2
d2u
(2pi)2
d2t
(2pi)2
× 1
∆(q; p, t, u)
∣∣∣qγλ1(u) gbj(t) gai (p)〉〈qγλ1(u) gbj(t) gai (p) ∣∣Hinst gq→qgg∣∣ qαλ (q)〉 . (F.40)
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After inserting the relevant matrix element (C.19), changing variables according to (F.13) and using
symmetry properties under the exchange of the two gluons, we can write the previous result as
|qαλ 〉inst, 2qgg = −
∫ 1
0
dξ dϑ
∫
d2k d2p˜
ig2taβαf
abc(1− 2ξϑ)(1− ϑ)√ξ(1− ξ)q+δij
2(2pi)6
(
ξ(1− ξ)k˜2 + (1− ϑ)p˜2
)
×
∣∣∣qβλ ((1− ϑ)q+, (1− ϑ)q − k˜) gbi (ξϑq+, ϑξq + ξk˜ + p˜) (F.41)
gcj
(
ϑ(1− ξ)q+, ϑ(1− ξ)q + (1− ξ)k˜ − p˜
)〉
.
The final Fourier transform to transverse coordinate space gives, cf. Eq. (D.4),
|qαλ 〉inst, 2qgg = −
∫
x,z,z′
∫ 1
0
dϑ dξ
ig2taβαf
abc(1− 2ξϑ)(1− ϑ)√ξ(1− ξ)q+δij
2(2pi)4
(
(1− ϑ) (X + ξZ)2 + ξ(1− ξ)Z2
)
× δ(2) (w −C)
∣∣∣qβλ ((1− ϑ)q+, x) gbi (ϑξq+, z′) gcj (ϑ(1− ξ)q+, z)〉 .
(F.42)
G Contracting Wilson lines
In this Appendix we collect our definitions for the various S-matrices introduced in Sect. 5 . These S-
matrices are built as contractions of Wilson lines in either the fundamental or the adjoint representation,
corresponding to the partons which exist at the time of scattering (x+ = 0) in either the direct ampli-
tude, or the complex conjugate amplitude. By using the relation (3.35) between the Wilson lines in
the two representations, together with the following Fiertz identities: taij t
a
kl =
(
δil δjk − 1Nc δij δkl
)
/ 2,
fabc taαβ t
b
γδ t
c
% =
i
4 (δδ δβγ δα% − δαδ δ%γ δβ), and fabc taδα tbγβ = i2
(
tcδβδαγ − tcγα δδβ
)
, it is possible to
reexpress all the S-matrices as products of fundamental Wilson lines alone and to also get rid of all
the fundamental (Gell-Mann) matrices in between the Wilson lines. For the purpose of compactly
presenting the final results, we will also need the hextupole:
H (x, x, z, z, z′, z′) ≡ 1
Nc
tr
(
V †(x)V (x)V †(z)V (z)V †(z′)V (z′)
)
. (G.1)
The average over the color fields in the target is implicitly understood in Eq. (G.1) and in all the other
equations from this Appendix.
In all the subsequent formulae, we shall also present the limit of the respective S-matrix in the
limit of a large number of colors Nc →∞. In fact, for a few of them, we shall exhibit only the original
definition and its large Nc limit, but not also the intermediate expression in terms of fundamental
Wilson lines alone (since this latter looks rather complicated).
• Definitions which appear in Sect. 5.1
Sqqqqqq
(
x, z, z′, x, z, z′
) ≡ 2
CF Nc
tr
(
V †(x)V (x) ta tb
)
tr
(
V (z) tb V †(z′)V (z′) ta V †(z)
)
=
1
2CFNc
(
N2c Q(x, x, z, z)S(z′, z′) − H(x, x, z, z, z′, z′)− H(x, x, z′, z′, z, z)
+S(x, x)Q(z′, z′, z, z)) ' Q(x, x, z, z)S(z′, z′),
(G.2)
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Sqqqqg
(
x, z, z′ ,x, y
) ≡ 2
CF Nc
tr
[
ta V †(x)V (x) td
]
tr
[
ta V †(z′) tc V (z)
]
U cd(y) =
1
2CF Nc
× (N2c Q(x, x, y, z)S(z′, y)−H(x, x, y, z, z′, y)−Q(x, x, z′, z) + S(x, x)S(z′, z))
' Q(x, x, y, z)S(z′, y).
(G.3)
Sqgqqq
(
x, y, x, z, z′
) ≡ 2
CF Nc
tr
[
tdV †(x)V (x) ta
]
tr
[
tc V (z′) ta V †(z)
]
U cd(y) =
1
2CF Nc
× (N2c Q(x, x, z, y)S(y, z′)−H(x, x, y, z′, z, y)−Q(x, x, z, z′) + S(x, x)S(z, z′))
' Q(x, x, z, y)S(y, z′),
(G.4)
Sqqqq
(
w, x, z, z′
)
=
2
CF Nc
tr
[
V †(w) tb V (x) ta
]
tr
[
V (z′) ta V †(z) tb
]
=
1
2CF Nc
× (N2c S(w, z′)S(z, x) − Q(w, x, z, z′) − Q(w, z′, z, x) + S(w, x)S(z, z′))
' S(w, z′)S(z, x).
(G.5)
• Definitions which appear in 5.2.1
S(1)qggqgg
(
x, z, z′, x, z, z′
) ≡ 1
C2F Nc
tr
[
V †(x)V (x) tb ta tf te
] [
U †(z′)U(z′)
]fa [
U †(z)U(z)
]eb
' Q (x, x, z, z) Q (z′, z′, z, z) S (z′, z′) ,
(G.6)
S(1)qgqgg
(
y, z′, x, z, z′
) ≡ 1
C2F Nc
tr
[
V †(y) td V (x) tb ta te
] [
U †(z′)U(z′)
]ea
Udb(z)
' Q (y, z′, z′, z) S (z′, x) S (z, z′) , (G.7)
S(1)qggqg
(
x, z, z′, y, z
) ≡ 1
C2F Nc
tr
[
V †(x) td V (y) ta tf te
] [
U †(z′)U(z′)
]fa
Ude(z)
' Q (z′, z′, z, y) S (z′, z′) S (x, z) , (G.8)
S(1)qqgg
(
w, x, z, z′
) ≡ 1
C2F Nc
tr
[
V †(w) tc tdV (x) tb ta
]
Udb(z)U ca(z′)
=
1
4C2F
(
N2c S(w, z′)S(z′, z)S(z, x) − S(w, z)S(z, x) − S(w, z′)S(z′, x) +
1
N2c
S(w, x)
)
' S(w, z′)S(z′, z)S(z, x).
(G.9)
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• Definitions which appear in 5.2.2
S(2)qggqgg(x, z, z
′, x, z, z′) ≡ 1
CF N2c
f rmn fabc
[
U †(z)U(z)
]nc [
U †(z′)U(z′)
]mb
tr
(
V †(x)V (x) ta tr
)
' 1
2
(Q (z, z, z′, z′) Q (x, x, z, z) S (z′, z′)+Q (z, z, z′, z′) Q (x, x, z′, z′) S (z, z)) ,
(G.10)
S(2)qggqg(x, z, z
′, x, y) ≡ 1
CF N2c
f rmn f bde U en(z)Udm(z′)U ba(y) tr
(
V †(x)V (x) ta tr
)
' 1
2
(Q (y, z, x, x) S (z, z′) S (z′, y)+Q (y, z′, x, x) S (z, y) S (z′, z)) , (G.11)
S(2)qgqgg(x, y, x, z, z
′) ≡ 1
CF N2c
fnde fabc Unr(y)U ec(z)Udb(z′) tr
(
V †(x)V (x) ta tr
)
' 1
2
(Q (x, x, z′, y) S (y, z) S (z, z′) + Q (x, x, z, y) S (y, z′) S (z′, z)) , (G.12)
S(2)qqgg(w, x, z, z
′) ≡ 1
CF N2c
fabc f rde U ec(z)Udb(z′) tr
(
V †(w) tr V (x) ta
)
=
1
4NcCF
(
N2c S(w, z′)S(z′, z)S(z, x) + N2c S(w, z)S(z, z′)S(z′, x) − H
(
w, z′, z, x, z′, z
)
−H (w, z, z′, x, z, z′)) ' 1
2
(S(w, z′)S(z′, z)S(z, x) + S(w, z)S(z, z′)S(z′, x)) .
(G.13)
• Definitions which appear in 5.2.3
S(3)qggqgg
(
x, z, z′, x, z, z′
) ≡ 2i
CF N2c
fabc
[
U †(z)U(z)
]mb [
U †(z′)U(z′)
]rc
tr
(
V †(x)V (x) ta tr tm
)
' Q (z, z, z′, z′) Q (x, x, z, z) S (z′, z′) ,
(G.14)
S(3)qggqg
(
x, z, z′, x, y
) ≡ 2i
CF N2c
f bde Udm(z)U er(z′)U ba(y) tr
(
V †(x)V (x) ta tr tm
)
' Q (x, x, y, z) S (z, z′) S (z′, y) , (G.15)
S(3)qgqgg
(
y, z′, x, z, z′
) ≡ 2i
CF N2c
fabc
[
U †(z′)U(z′)
]rc
Udb(z) tr
(
V †(y) tdV (x) ta tr
)
' Q (y, z, z′, z′) S (z, x) S (z′, z′) , (G.16)
S(3)qqgg
(
w, x, z, z′
) ≡ 2i
CF N2c
fabc U ec(z′)Udb(z) tr
(
V †(w) te td V (x) ta
)
=
1
2CF Nc
× (N2c S (w, z′)S (z′, z)S (z, x) − H (w, z′, z, x, z′, z)) ' S (w, z′)S (z′, z)S (z, x) . (G.17)
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Sqggq
(
x, z, z′, w
) ≡ 2i
CF N2c
fade Udm(z)U er(z′) tr
(
V †(x) ta V (w) tr tm
)
=
1
2CF Nc
(
N2c S(x, z)S(z, z′)S(z′, w) − H
(
x, z′, z, w, z′, z
)) ' S(x, z)S(z, z′)S(z′, w),
(G.18)
References
[1] E. Iancu and R. Venugopalan, “The color glass condensate and high energy scattering in QCD,”
arXiv:hep-ph/0303204.
[2] F. Gelis, E. Iancu, J. Jalilian-Marian, and R. Venugopalan, “The Color Glass Condensate,”
Ann.Rev.Nucl.Part.Sci. 60 (2010) 463–489, arXiv:1002.0333 [hep-ph].
[3] A. Dumitru, A. Hayashigaki, and J. Jalilian-Marian, “The Color glass condensate and hadron production
in the forward region,” Nucl. Phys. A765 (2006) 464–482, arXiv:hep-ph/0506308 [hep-ph].
[4] J. L. Albacete, A. Dumitru, and C. Marquet, “The initial state of heavy-ion collisions,” Int.J.Mod.Phys.
A28 (2013) 1340010, arXiv:1302.6433 [hep-ph].
[5] J. L. Albacete and C. Marquet, “Gluon saturation and initial conditions for relativistic heavy ion
collisions,” Prog.Part.Nucl.Phys. 76 (2014) 1–42, arXiv:1401.4866 [hep-ph].
[6] Y. V. Kovchegov and A. H. Mueller, “Gluon production in current nucleus and nucleon - nucleus collisions
in a quasiclassical approximation,” Nucl.Phys. B529 (1998) 451–479, arXiv:hep-ph/9802440 [hep-ph].
[7] Y. V. Kovchegov and K. Tuchin, “Inclusive gluon production in DIS at high parton density,” Phys.Rev.
D65 (2002) 074026, arXiv:hep-ph/0111362 [hep-ph].
[8] A. Dumitru and J. Jalilian-Marian, “Forward quark jets from protons shattering the colored glass,” Phys.
Rev. Lett. 89 (2002) 022301, arXiv:hep-ph/0204028 [hep-ph].
[9] G. A. Chirilli, B.-W. Xiao, and F. Yuan, “One-loop Factorization for Inclusive Hadron Production in pA
Collisions in the Saturation Formalism,” Phys. Rev. Lett. 108 (2012) 122301, arXiv:1112.1061
[hep-ph].
[10] G. A. Chirilli, B.-W. Xiao, and F. Yuan, “Inclusive Hadron Productions in pA Collisions,” Phys. Rev.
D86 (2012) 054005, arXiv:1203.6139 [hep-ph].
[11] T. Altinoluk, N. Armesto, G. Beuf, A. Kovner, and M. Lublinsky, “Single-inclusive particle production in
proton-nucleus collisions at next-to-leading order in the hybrid formalism,” Phys. Rev. D91 (2015) no. 9,
094016, arXiv:1411.2869 [hep-ph].
[12] E. Iancu, A. H. Mueller, and D. N. Triantafyllopoulos, “CGC factorization for forward particle
production in proton-nucleus collisions at next-to-leading order,” JHEP 12 (2016) 041,
arXiv:1608.05293 [hep-ph].
[13] R. Baier, A. Kovner, M. Nardi, and U. A. Wiedemann, “Particle correlations in saturated QCD matter,”
Phys. Rev. D72 (2005) 094013, arXiv:hep-ph/0506126.
[14] C. Marquet, “Forward inclusive dijet production and azimuthal correlations in pA collisions,” Nucl. Phys.
A796 (2007) 41–60, arXiv:0708.0231 [hep-ph].
[15] F. Dominguez, C. Marquet, B.-W. Xiao, and F. Yuan, “Universality of Unintegrated Gluon Distributions
at small x,” Phys. Rev. D83 (2011) 105005, arXiv:1101.0715 [hep-ph].
– 59 –
[16] E. Iancu and J. Laidet, “Gluon splitting in a shockwave,” Nucl.Phys. A916 (2013) 48–78,
arXiv:1305.5926 [hep-ph].
[17] A. van Hameren, P. Kotko, K. Kutak, C. Marquet, E. Petreska, and S. Sapeta, “Forward di-jet
production in p+Pb collisions in the small-x improved TMD factorization framework,” JHEP 12 (2016)
034, arXiv:1607.03121 [hep-ph].
[18] J. L. Albacete, N. Armesto, A. Kovner, C. A. Salgado, and U. A. Wiedemann, “Energy dependence of
the Cronin effect from nonlinear QCD evolution,” Phys.Rev.Lett. 92 (2004) 082001,
arXiv:hep-ph/0307179 [hep-ph].
[19] D. Kharzeev, Y. V. Kovchegov, and K. Tuchin, “Cronin effect and high p(T) suppression in pA
collisions,” Phys.Rev. D68 (2003) 094013, arXiv:hep-ph/0307037 [hep-ph].
[20] E. Iancu, K. Itakura, and D. Triantafyllopoulos, “Cronin effect and high p-perpendicular suppression in
the nuclear gluon distribution at small x,” Nucl.Phys. A742 (2004) 182–252, arXiv:hep-ph/0403103
[hep-ph].
[21] J. P. Blaizot, F. Gelis, and R. Venugopalan, “High-energy pA collisions in the color glass condensate
approach. 1. Gluon production and the Cronin effect,” Nucl.Phys. A743 (2004) 13–56,
arXiv:hep-ph/0402256 [hep-ph].
[22] J. P. Blaizot, F. Gelis, and R. Venugopalan, “High energy p A collisions in the color glass condensate
approach. II: Quark production,” Nucl. Phys. A743 (2004) 57–91, arXiv:hep-ph/0402257.
[23] J. L. Albacete and C. Marquet, “Single Inclusive Hadron Production at RHIC and the LHC from the
Color Glass Condensate,” Phys.Lett. B687 (2010) 174–179, arXiv:1001.1378 [hep-ph].
[24] P. Tribedy and R. Venugopalan, “QCD saturation at the LHC: comparisons of models to p+p and A+A
data and predictions for p+Pb collisions,” Phys.Lett. B710 (2012) 125–133, arXiv:1112.2445 [hep-ph].
[25] A. H. Rezaeian, “CGC predictions for p+A collisions at the LHC and signature of QCD saturation,”
Phys.Lett. B718 (2013) 1058–1069, arXiv:1210.2385 [hep-ph].
[26] T. Lappi and H. Mäntysaari, “Single inclusive particle production at high energy from HERA data to
proton-nucleus collisions,” Phys.Rev. D88 (2013) 114020, arXiv:1309.6963 [hep-ph].
[27] A. M. Stasto, B.-W. Xiao, and D. Zaslavsky, “Towards the Test of Saturation Physics Beyond Leading
Logarithm,” Phys. Rev. Lett. 112 (2014) no. 1, 012302, arXiv:1307.4057 [hep-ph].
[28] J. L. Albacete and C. Marquet, “Azimuthal correlations of forward di-hadrons in d+Au collisions at
RHIC in the Color Glass Condensate,” Phys. Rev. Lett. 105 (2010) 162301, arXiv:1005.4065 [hep-ph].
[29] A. M. Staśto, B.-W. Xiao, F. Yuan, and D. Zaslavsky, “Matching collinear and small x factorization
calculations for inclusive hadron production in pA collisions,” Phys. Rev. D90 (2014) no. 1, 014047,
arXiv:1405.6311 [hep-ph].
[30] K. Watanabe, B.-W. Xiao, F. Yuan, and D. Zaslavsky, “Implementing the exact kinematical constraint in
the saturation formalism,” Phys. Rev. D92 (2015) no. 3, 034026, arXiv:1505.05183 [hep-ph].
[31] B. Ducloué, T. Lappi, and Y. Zhu, “Single inclusive forward hadron production at next-to-leading order,”
Phys. Rev. D93 (2016) no. 11, 114016, arXiv:1604.00225 [hep-ph].
[32] B. Ducloué, T. Lappi, and Y. Zhu, “Implementation of NLO high energy factorization in single inclusive
forward hadron production,” Phys. Rev. D95 (2017) no. 11, 114007, arXiv:1703.04962 [hep-ph].
[33] B. Ducloué, E. Iancu, T. Lappi, A. H. Mueller, G. Soyez, D. N. Triantafyllopoulos, and Y. Zhu, “On the
use of a running coupling in the NLO calculation of forward hadron production,” arXiv:1712.07480
[hep-ph].
– 60 –
[34] I. Balitsky, “Operator expansion for high-energy scattering,” Nucl. Phys. B463 (1996) 99–160,
arXiv:hep-ph/9509348.
[35] Y. V. Kovchegov, “Small-x F2 structure function of a nucleus including multiple pomeron exchanges,”
Phys. Rev. D60 (1999) 034008, arXiv:hep-ph/9901281.
[36] J. Jalilian-Marian, A. Kovner, A. Leonidov, and H. Weigert, “The BFKL equation from the Wilson
renormalization group,” Nucl. Phys. B504 (1997) 415–431, arXiv:hep-ph/9701284.
[37] J. Jalilian-Marian, A. Kovner, A. Leonidov, and H. Weigert, “The Wilson renormalization group for low
x physics: Towards the high density regime,” Phys.Rev. D59 (1998) 014014, arXiv:hep-ph/9706377
[hep-ph].
[38] A. Kovner, J. G. Milhano, and H. Weigert, “Relating different approaches to nonlinear QCD evolution at
finite gluon density,” Phys. Rev. D62 (2000) 114005, arXiv:hep-ph/0004014.
[39] E. Iancu, A. Leonidov, and L. D. McLerran, “Nonlinear gluon evolution in the color glass condensate. I,”
Nucl. Phys. A692 (2001) 583–645, arXiv:hep-ph/0011241.
[40] E. Iancu, A. Leonidov, and L. D. McLerran, “The renormalization group equation for the color glass
condensate,” Phys. Lett. B510 (2001) 133–144, arXiv:hep-ph/0102009.
[41] E. Ferreiro, E. Iancu, A. Leonidov, and L. McLerran, “Nonlinear gluon evolution in the color glass
condensate. II,” Nucl. Phys. A703 (2002) 489–538, arXiv:hep-ph/0109115.
[42] I. Balitsky and G. A. Chirilli, “Next-to-leading order evolution of color dipoles,” Phys.Rev. D77 (2008)
014019, arXiv:0710.4330 [hep-ph].
[43] I. Balitsky and G. A. Chirilli, “Rapidity evolution of Wilson lines at the next-to-leading order,” Phys.Rev.
D88 (2013) 111501, arXiv:1309.7644 [hep-ph].
[44] A. Kovner, M. Lublinsky, and Y. Mulian, “Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov, Kovner
evolution at next to leading order,” Phys.Rev. D89 (2014) no. 6, 061704, arXiv:1310.0378 [hep-ph].
[45] A. Kovner, M. Lublinsky, and Y. Mulian, “NLO JIMWLK evolution unabridged,” JHEP 08 (2014) 114,
arXiv:1405.0418 [hep-ph].
[46] G. Beuf, “Improving the kinematics for low-x QCD evolution equations in coordinate space,” Phys.Rev.
D89 (2014) 074039, arXiv:1401.0313 [hep-ph].
[47] E. Iancu, J. Madrigal, A. Mueller, G. Soyez, and D. Triantafyllopoulos, “Resumming double logarithms
in the QCD evolution of color dipoles,” Phys.Lett. B744 (2015) 293–302, arXiv:1502.05642 [hep-ph].
[48] E. Iancu, J. D. Madrigal, A. H. Mueller, G. Soyez, and D. N. Triantafyllopoulos, “Collinearly-improved
BK evolution meets the HERA data,” Phys. Lett. B750 (2015) 643–652, arXiv:1507.03651 [hep-ph].
[49] T. Lappi and H. Mäntysaari, “Next-to-leading order Balitsky-Kovchegov equation with resummation,”
Phys. Rev. D93 (2016) no. 9, 094004, arXiv:1601.06598 [hep-ph].
[50] Y. Hatta and E. Iancu, “Collinearly improved JIMWLK evolution in Langevin form,” JHEP 08 (2016)
083, arXiv:1606.03269 [hep-ph].
[51] M. Lublinsky and Y. Mulian, “High Energy QCD at NLO: from light-cone wave function to JIMWLK
evolution,” JHEP 05 (2017) 097, arXiv:1610.03453 [hep-ph].
[52] I. Balitsky and G. A. Chirilli, “Photon impact factor and kT -factorization for DIS in the next-to-leading
order,” Phys. Rev. D87 (2013) no. 1, 014013, arXiv:1207.3844 [hep-ph].
[53] G. Beuf, “Dipole factorization for DIS at NLO: Loop correction to the γ∗T,L → qq light-front wave
functions,” Phys. Rev. D94 (2016) no. 5, 054016, arXiv:1606.00777 [hep-ph].
– 61 –
[54] G. Beuf, “Dipole factorization for DIS at NLO: Combining the qq¯ and qq¯g contributions,” Phys. Rev.
D96 (2017) no. 7, 074033, arXiv:1708.06557 [hep-ph].
[55] B. Ducloué, H. Hänninen, T. Lappi, and Y. Zhu, “Deep inelastic scattering in the dipole picture at
next-to-leading order,” Phys. Rev. D96 (2017) no. 9, 094017, arXiv:1708.07328 [hep-ph].
[56] E. Braidot, “Two-particle azimuthal correlations at forward rapidity in STAR,” arXiv:1102.0931
[nucl-ex].
[57] PHENIX Collaboration Collaboration, A. Adare et al., “Suppression of back-to-back hadron pairs at
forward rapidity in d+Au Collisions at
√
sNN = 200 GeV,” Phys.Rev.Lett. 107 (2011) 172301,
arXiv:1105.5112 [nucl-ex].
[58] A. Ayala, M. Hentschinski, J. Jalilian-Marian, and M. E. Tejeda-Yeomans, “Polarized 3 parton
production in inclusive DIS at small x,” Phys. Lett. B761 (2016) 229–233, arXiv:1604.08526 [hep-ph].
[59] R. Boussarie, A. V. Grabovsky, L. Szymanowski, and S. Wallon, “On the one loop γ(∗) → qq impact
factor and the exclusive diffractive cross sections for the production of two or three jets,” JHEP 11
(2016) 149, arXiv:1606.00419 [hep-ph].
[60] T. Altinoluk, N. Armesto, A. Kovner, M. Lublinsky, and E. Petreska, “Soft photon and two hard jets
forward production in proton-nucleus collisions,” arXiv:1802.01398 [hep-ph].
[61] T. Lappi and R. Paatelainen, “The one loop gluon emission light cone wave function,” Annals Phys. 379
(2017) 34–66, arXiv:1611.00497 [hep-ph].
[62] H. Hänninen, T. Lappi, and R. Paatelainen, “One-loop corrections to light cone wave functions: the
dipole picture DIS cross section,” arXiv:1711.08207 [hep-ph].
[63] R. Venugopalan, “Introduction to light cone field theory and high-energy scattering,”
arXiv:nucl-th/9808023 [nucl-th]. [Lect. Notes Phys.516,89(1999)].
[64] F. Gelis and Y. Mehtar-Tani, “Gluon propagation inside a high-energy nucleus,” Phys. Rev. D73 (2006)
034019, arXiv:hep-ph/0512079 [hep-ph].
[65] A. Kovner and M. Lublinsky, “One gluon, two gluon: Multigluon production via high energy evolution,”
JHEP 0611 (2006) 083, arXiv:hep-ph/0609227 [hep-ph].
[66] A. Kovner, M. Lublinsky, and H. Weigert, “Treading on the cut: Semi inclusive observables at high
energy,” Phys.Rev. D74 (2006) 114023, arXiv:hep-ph/0608258 [hep-ph].
[67] F. Dominguez, C. Marquet, A. M. Stasto, and B.-W. Xiao, “Universality of multi-particle production in
QCD at high energies,” Phys.Rev. D87 (2013) 034007, arXiv:1210.1141 [hep-ph].
[68] J.-P. Blaizot, E. Iancu, and H. Weigert, “Non linear gluon evolution in path-integral form,” Nucl. Phys.
A713 (2003) 441–469, arXiv:hep-ph/0206279.
[69] K. Rummukainen and H. Weigert, “Universal features of JIMWLK and BK evolution at small x,” Nucl.
Phys. A739 (2004) 183–226, arXiv:hep-ph/0309306.
[70] T. Lappi, “Gluon spectrum in the glasma from JIMWLK evolution,” Phys.Lett. B703 (2011) 325–330,
arXiv:1105.5511 [hep-ph].
[71] A. Dumitru, J. Jalilian-Marian, T. Lappi, B. Schenke, and R. Venugopalan, “Renormalization group
evolution of multi-gluon correlators in high energy QCD,” Phys.Lett. B706 (2011) 219–224,
arXiv:1108.4764 [hep-ph].
[72] F. Dominguez, A. H. Mueller, S. Munier, and B.-W. Xiao, “On the small-x evolution of the color
quadrupole and the Weizsäcker-Williams gluon distribution,” Phys. Lett. B705 (2011) 106–111,
arXiv:1108.1752 [hep-ph].
– 62 –
[73] E. Iancu and D. Triantafyllopoulos, “Higher-point correlations from the JIMWLK evolution,” JHEP
1111 (2011) 105, arXiv:1109.0302 [hep-ph].
[74] E. Iancu and D. Triantafyllopoulos, “JIMWLK evolution in the Gaussian approximation,” JHEP 1204
(2012) 025, arXiv:1112.1104 [hep-ph].
[75] T. Lappi and H. Mäntysaari, “Forward dihadron correlations in deuteron-gold collisions with the
Gaussian approximation of JIMWLK,” Nucl.Phys. A908 (2013) 51–72, arXiv:1209.2853 [hep-ph].
[76] A. Kovner and A. H. Rezaeian, “Double parton scattering in the CGC: Double quark production and
effects of quantum statistics,” Phys. Rev. D96 (2017) no. 7, 074018, arXiv:1707.06985 [hep-ph].
– 63 –
